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We consider the behavior of D7 probes of supersymmetric warped geometries that are perturbed by the 
presence of D3-brancs. Such constructions are the gravitational duals of non-supersymmetric states in 
supersymmetric flavored gauge theories. Although the D7s we consider do not feel a force from either 
D3s or D3s alone, when both types of 3-branes are present the D7s deform and fall a small distance 
toward the 3-branes. We perform our analysis in AdS 5 x S 5 and AdS 5 x T ' and find qualitatively 
similar behavior in each case. We then extend our consideration to the approximately conical region of 
the Klcbanov-Strasslcr solution and find that the effect is parametrically larger than in the AdS 5 x X 5 
examples. Additionally, we discuss how these behaviors are modified by the presence of other flavors 
by considering the backreaction of such flavor branes in AdS 5 x X 5 . Finally, we touch upon some of 
the implications that our results may have for model building and argue that the deformation of the 
worldvolume results in O (1) corrections to soft terms in the low-energy description. 
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1 Introduction 

Warped geometries continue to play a prominent role in string theory. The furthest-reaching appli- 
cation of such constructions is the gauge/gravity correspondence [1, 2] which provides for a deeper 
understanding of strongly coupled gauge theories and the nature of quantum gravity. As a consequence 
of this duality, warped geometries also provide a fruitful corner of the landscape in which to search 
for controlled and phenomenologically promising vacua. For example, the large redshift resulting from 
strong warping can naturally accommodate an exponentially large separation of mass scales [3-5], 
just as dimensional transmutation produces such hierarchies in gauge theories. Additionally, warping 
brings to string constructions the powerful tools of effective field theories in which unknown bulk 
effects can be parametrized by Wilson coefficients and systematically incorporated (see, e.g., [6, 7]). 

However, in order to reach the goal of phenomenological viability, the string modes that give rise 
to visible-sector fields must also be included. In the widely-explored GKP-like warped constructions of 
the type-IIB superstring [5] , such modes are the open-string fluctuations of either D3-branes (fractional 
or whole) or D7-branes 1 . Although D3-branes provide a rich framework for model building and have 

1 In more general F-theoretic constructions, we could of course consider other types of 7-branos or even in principle 
other types of fractional 3-branes. 
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the extra benefit of being very local, there are many phenomenological advantages to considering 
scenarios in which the visible sector arises from D7-branes. For example, one of the successes of the 
so-called "bulk" Randall-Sundrum (RS) scenarios is that a hierarchical structure of Yukawa couplings 
can be arranged by O (1) tunings of the 5d masses of fermions propagating in a warped geometry [8]; 
such 5d masses control the internal profiles of the fermions and hence their overlap with scalar fields. 
In a stringy realization of an RS-like scenario, such modes correspond to the excitations of D7-branes 
that extend some distance into the warped geometry. Chiral modes in particular are realized on the 
intersections of magnetized D7-branes and hence the string theory "lift" of 5d mass is, at least morally 
if not literally, the position of D7-branes that extend into the warped region 2 . Hence, it is expected 
that O (1) adjustments of the positions of D7-branes can produce hierarchical Yukawa textures. The 
addition of such D7-branes to a warped geometry has the well-known interpretation of adding a global 
flavor group to the dual gauge theory [11] and hence the branes are often called flavor branes. 

A further phenomenological constraint is the absence of supersymmetry, at least at long wave- 
lengths. Unfortunately, the construction of non-supersymmetric configurations in string theory is 
difficult to achieve. In additional to the practical difficulties associated with solving second-order as 
opposed to first-order differential equations, the stability of non-supersymmetric geometries is often 
an issue 3 . One method of breaking supersymmetry in a relatively controlled way is the addition of 
anti-branes to a warped geometry. For example, the branes and fluxes that build a GKP-like warped 
region carry positive D3-brane charge and so an D3-brane, which carries negative D3-branc charge 
and hence breaks the supersymmetry preserved by the geometry, will be naturally attracted to the 
point of strongest warping and largest redshift. The warping then serves to restrict the influence 
of the D3-brane to the strongly warped region so that remainder of the geometry is approximately 
supersymmctric. Furthermore, in examples such as the Klebanov-Strassler (KS) solution [13] in which 
the warping is not sourced by integer D3-branes, the D3-brancs will be pcrturbatively stable so long 
as the number of anti-branes is small with respect to the number of flux quanta that support the ge- 
ometry [14]. Due to the localized nature of the D3-branes, their backreaction falls off sufficiently fast 
with the distance from the branes that the configuration is dual to a particular non-supersymmetric 
state in a supcrsymmetric theory [15], a fact that has been used to explore gravitational duals of gauge 
mediation [16-18] (see also [19]) 4 . 

Warping, D7-branes, and D3-branes also play an important role in the KKLT scenario for achieving 
metastable de Sitter spaces [24] and the related framework for inflation [25]. In each of these cases, 
gaugino condensation on D7-branes provides a mechanism for the stabilization of the Kahler structure 
of the internal space while D3-branes are central in the construction of the uplift and inflationary 
potentials. 

Given the many examples in which D7-branes and D3-brancs appear together in warped geome- 
tries, it is important to understand how these objects interact with each other. As is well known, D7s 
do not experience a net force from "parallel" D3-branes. Furthermore, since a D7 carries no D3-brane 
charge (unless such a charge is induced by generalized worldvolumc flux or curvature) and hence can- 
not distinguish a D3-brane from an D3-brane, D7s do not experience a force from parallel D3s either. 

2 The story will be a little more complicated in detail. For example, the localization of fermionic modes also depends 
on the magnetic flux as in the D-brane examples of [9, 10]. 

3 For some recent examples of non-supersymmetric warped geometries, sec [12]. 

4 Note that as a consequence of the non-linear behavior of the supergravity equations of motion, the backreaction of 
D3-brancs in a GKP construction results in singular 3-form flux despite the fact that such 3-branes do not carry any 
NS-NS or R-R 2-form charge [20-22] (see also [23] for a T-dual case). However, as this behavior is directly linked to the 
brane singularities that are expected to be resolved in the full string theory, the singularities are likely an artifact of the 
supergravity approximation which breaks down near the position of the branes. 
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However, due to the non-linear nature of supergravity, when both D3s and D3s are present there is no 
guarantee that the D7-branes will experience no force. One may further expect that in the presence 
of a non-supcrsymmctric background, parallel D7-branes may exert a force on each other, despite the 
fact that when only D3-branes or D3-branes were present there was an exact cancellation between the 
NS-NS attraction and the R-R repulsion. 

It is precisely such interactions that we explore in this work. In section 2 we argue generally from 
the equations of motion that D7-brancs which feel no force in the presence of only one type of D3-brane 
will bend in the presence of both. In section 3 we perform a more quantitative analysis by considering 
D7-probcs of AdS 5 x S 5 perturbed by a small number of D3-branes and find that indeed the D7-branes 
tend to fall a little toward the non-BPS stack of 3-branes. We additionally show how this effect can be 
modified by the presence of other D7-branes by considering their backreaction as well. In section 4, we 
perform the analogous analysis for Kupcrstcin probes of AdS 5 x T > and find that, due to common 
conical structure of the geometries, the qualitative behavior is the same. In section 5 we consider D7- 
probes of the Klebanov-Tseytlin geometry perturbed by D3-brancs. In this case, due to the presence of 
the background 3-form flux, the probe D7s experience a paramctrically stronger attraction to the non- 
supersymmetric source of warping. In section 6 we briefly and qualitatively discuss some aspects of the 
impact the deformations will have on model building in warped compacitifcations. Some concluding 
remarks are made in section 7. Our conventions and some technical details are relegated to appendices. 

2 Preliminaries 

As is very well known, D3-branes and D7-branes are, in many situations, mutually BPS objects and 
there is no net force between them (see, e.g. [26]). As a simple example, consider a stack of N D3- 
branes in R 9 ' 1 . A D7-brane that sits parallel to the D3s and fills four orthogonal directions will preserve 
half of the supersymmetry preserved by the D3s. The absence of a force can be seen by considering 
the D7 as a probe of the D3 background. The backreaction of the D3-branes takes the familiar form 5 

ds? = c 2A V ^dx^dx" + e~ 2A 6 mn dy m dy n 1 (2.1) 

in which the warp factor A is a function of the coordinates y m that are transverse to the D3s. In 
addition, D3s are both electric and magnetic sources for C4 and hence 

F 5 = (1 + SK'de 4A A dvol fl3 ,i , (2.2) 

in which volfl3,i = dx° A dx 1 A dx 2 A da; 3 is the volume element for J? 3,1 . In the absence of brane flux, 
the D7 does not couple to C4 and hence the potential does not contribute to the D7 CS action (A. 6). 
Similarly, in the absence of fluctuations of the D7, the D3s do not contribute to the DBI action for 
the D7; the metric on the D7 worldvolume takes the form 

ds 2 = g a0 dx a dx p = e^^dx^dx" + e~ 2A 5 ab dy a dy b , (2.3) 

and hence the volume element for the D7 worldvolume, dvolyys = d 8 xy / — det (gap), is independent of 
the warp factor. Since neither the warp factor nor C4 contribute to the non-derivative parts of the D7 
action, the D7 feels no force from the D3. 

The absence of a force can also be seen from the D3 perspective. Instead of C4, the D7 sources the 
axiodilaton to which a D3-brane does not couple, while the backreaction on the metric is "limited" to 
a deficit angle in the plane transverse to the D7 and hence is not felt by the D3. 

5 Our conventions are presented in appendix A. 
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From either point of view, the Ramond-Ramond potential from the other brane did not contribute 
to probe brane action and hence the absence of a force will result if we replace all of the D3-branes by 
D3s. Equivalently, of the sixteen supercharges preserved by the D7, eight are also preserved by D3s, 
while the other eight arc preserved by D3s and so D7s cannot, by themselves, distinguish the sign 
of the charge of the 3-branes. In a linear theory, this would imply that a D7-brane in the presence 
of both types of 3-branes would feel no force. However, supergravity is a non-linear theory and we 
will find that there is an interaction when both 3-branes are present. Indeed in the presence of both 
D3s and D3s, no supercharges are preserved and hence there is no BPS bound to protect against the 
development of a force. 

To see this more explicitly, we consider a more general warped ansatz 

ds 2 10 = e^Vda^dx" + e- 2A ^g mn dy m dy n , (2.4) 

in which rj^ is the Minkowski metric on i? 3,1 and g mn is the metric on a space Y 6 . The geometry is 
again supported by various fluxes 

^ 5 = (l + *). 9s " 1 d^(y) Advolfls.1, ^G 3 = 0, (2.5) 

in which i is the interior product. We orient the 3-branes along the Minkowski directions and take any 
D7-branes to fill the Minkowski directions and wrap 4-cycles T,f. It is useful to define the quantities [5] 

$ ± =e 4j4 ±u;, G± = (i±*)G 3 , A = $+G_+$_G+. (2.6) 

Then, keeping in mind that D7s arc magnetic sources for Go , the equations of motion following from 
the bosonic action and the self-duality condition for F$ are 

° - *-V(**±) 9 - gs( t+ +<M V ± r 

+ ; 16Imr 1 1 

(^ + + j>_)% , 4 /2 ^ S e (y - y a ) 
2 \ 2lT ) a 9s }^ /= . ( 2Ja ) 

D3± V» 

2 1 

=Rmp ~ of. I * ,2 d (™®+ d P)®- ~ 777 — 72< 9 (™ t5 p) t 

($+ + 4>_) 2 (Imr) 

16-2!ImT L +(rn u -p)nm 2 "T "-(m u +p)n in2 \ 



2 m 

=V 2 r + -^(dr) 2 + igs($+ + <i) - ) G + ■ G_ + i£ (2.7c) 

mT D7 

0=di^i+^Oi, (2.7d) 

D7 

=dA+ — — dr A (A + A), (2.7c) 
2 Im r v ' 

=d(G+ - G-) + wr—dT A (G+ + G+ - G- - G-) , (2.7f ) 

v ' 2 Imr x ' 

in which f2j are the Poincare duals in Y 6 of the 4-cycles wrapped by the D7s (see, e.g. [27]), the 
D3-branes and D3-branes (denoted also D3 + and D3~ respectively) are localized at points in Y 6 , and 
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R mp and related quantities are built from the unwarped 6d metric g mp . In writing these equations of 
motion, we have neglected the presence of worldvolumc flux on any of the brancs. 

We first consider the case in which G3 vanishes and the D7-brane contribution to the equations 
of motion can be neglected (i.e. treating the D7s as probe branes). In such a setup, when only D3 
or only D3s are present (and hence only one of $ + or is non- vanishing) , the internal 6 metric is 
unchanged by the presence of 3-branes and correspondingly a probe D7 will not feel their influence. 
However, when both types of branes are present, $ + and $_ together source g mp so that the internal 
metric can no longer be Ricci flat. Hence, although the warp factor cancels out of the DBI action 
for a probe D7-brane, the non-trivial metric will generically cause the D7 to bend as it extremizes its 
volume. 

We can also easily see the non-trivial interactions from the point of view of probe 3-branes. We 
consider for example a background with TV D3-branes and Nf D7-branes. The equations of motion 
will then imply that tf?^ 1 is harmonic. However, since the D7s backreact on the internal metric forcing 
it to no longer be Ricci flat, will take on a different form than it would in the absence of D7 
branes. Since $+ is precisely the potential felt by an D3 brane, such a branc will feel a potential with 
terms proportional to NNf in addition to those depending on just TV. Similar arguments could be for 
D3-probes. 

In the following sections, we will provide more explicit examples of these arguments. 



3 Interactions in flat space 

We now return to the flat space case and examine more precisely how a D7-brane will respond to the 
presence of both types of 3-branes. Keeping in mind the uplift scenario of [24], we will consider the 
addition of p D3-D3 pairs to TV 3> p D3s. When the 3-branes are coincident, we can take the ansatz 
for the backreaction of the 3-branes to be of the type (2.4) with 

g mn dy m dy n = c 2B (dr 2 + r 2 ds 2 s5 ), (3.1) 

where ds^ 5 is the metric for a unit S 5 , the branes are located at r = 0, and all fields other than the 
metric on S 5 can be taken as functions of r alone. In the more general case of coincident 3-brancs 
stacked at the bottom of a Calabi-Yau cone, the same ansatz applies where S 5 is replaced by the 
appropriate Sasaki-Einstein manifold. In this setup, the coincident branes are perturbatively unstable 
and so the configuration should be viewed as a warm-up for the metastable configuration discussed 
later. 

The solution for any values of p and TV were presented in [28] (following [29]). As discussed in the 
introduction, our interest is in strongly warped geometries. Such a geometry follows from taking the 
near-brane limit of the 3-brane geometry. The backreaction in this limit and for p <C TV was discussed 
in [15], which we review and carry out to higher order in £ in appendix B. The result is 

r 4 5TV r 12 + 125TV 2 r 2 ° ' { ' 

_r 4 6p£ 4 24p 2 L 12 
W ~L* + 5Nr* 125TV 2 r 42 ' [6 Dj 

2B _ P L * P 2 L 16 
° _1 ~ 5TV 7^ ~ JSOTV 2 ^' (3 ' 2C) 



"Note that since we are not considering explicit compactifications, the term "internal" is inaccurate here. We use the 
term to describe directions transverse to the Minkowski directions as these are the ones that would eventually become 
the coordinates on a compact space. 
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S 5 is an Einstein- Sasaki space and therefore can be written as a U (1) fibration over an Einstein- 
Kahler base, a fact that was exploited in a related context in [27]. Indeed writing 

z i =rcos !cos-c i ^+"/ 2 +^ 2 \ z 2 = rcos^sin-e i ^+"/ 2 -^ 2 ), z 3 = rsin^, (3.3) 
2 2 2 2 2 K ' 

in which r <E [0, oo), 7, 9 £ [0, tt], (p,tl> G [0, 27r), and 77 € [0, 47r), the metric for R 6 = C 3 takes the form 

ds 2 =dz i dz l = dr 2 + r 2 (di/j + A) 2 + r 2 ds 2 cp2 , (3.4) 

in which 

1 'Y 

.A = -cos 2 ^(d^ + cos6»d^). (3.5) 

The 4d metric 

d4 p2 = id7 2 + icos 2 |(d6i 2 +sm 2 6ld^ 2 ) + icos 2 ^sin 2 |(d77 + cos6»d^) 2 , (3.6) 

is the Fubini-Study metric on the Einstcin-Kahler space CP 2 . This can be confirmed by considering, 
for example, the homogeneous coordinates w 1,2 = ^4- on the z 3 7^ patch. Finally, we note that the 
Kahler form on CP 2 is given by 

J = -- sin ~ cos ~d7 A (dry + cos6>d<^) - - cos 2 j- sin(9d6» A d(y5 = -d^, (3.7) 

and that the Kahler form on C 3 is 

J = rdr A (d^ + -4) + r 2 J. (3.8) 

When p = 0, the geometry is ArfS* 5 x S* 5 which is famously dual to the conformal Af = 4 SU (iV) 
super Yang-Mills theory [1]. 

3.1 Bending of probe D7s 

We now introduce a probe D7 into the above geometry. A useful property of strongly warped geometries 
is that the backreaction of D7-branes can be neglected, at least for many quantities of interest. This is 
easiest to understand in the dual gauge theory as the addition of Nf D7-branes to a warped geometry 
of the type considered here corresponds to the addition of a U (Nf) flavor group [11]. Such flavors 
can be treated as non-dynamical objects in the 't Hooft limit in which we take the number of colors 
N — > 00 while letting -j4- — > (see, for example, the discussion in [30]), and hence their influence on 
the gauge theory can be largely neglected. 

When p = 0, the geometry (3.2) is supersymmetric. Since we have taken G3 = 0, a probe D7 
is supersymmetric if it is holomorphically embedded into the geometry and the worldvolume field 
strength vanishes. In this case, we will take the D7 embedding to satisfy 

z 3 = fj,, (3.9) 

where fi is a fixed positive real number. Note that this embedding preserves an SO (4) subgroup group 
of the SO (6) isometry of R 6 . When p 7^ 0, we expect that this embedding will no longer satisfy the 
D7 equations of motion. However, since the D3s do not break the isometrics preserved by the D7, we 
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expect the SO (4) symmetry to remain even after the branes are bent. It is convenient to rewrite the 
coordinates as 7 

z 1 = nucos 6 -e< 2 ^+^' 2 , z 2 = f iu S ,m e -jW +r <-^l 2 , z 3 = fx (l + x )e iV \ (3.10) 

in which u > and x € [— 1, oo). This corresponds to 

sml = ^(l + x), cosJ = ^ M , (3.11) 
2 r 2 r 

and so 

r 2 = f[(l + X ) 2 + u 2 }. (3.12) 

Then the metric takes the form 

ds 2 e = M 2 c 2B {du 2 + d X 2 + {u 2 + (1 + X fW + ^ [(h 1 ) 2 + (h 2 ) 2 + (h 3 ) 2 ] + u^h 1 }, (3.13) 
in which we have defined 

h 1 = d?y + cosOdtp, h 2 = sinfldtys, h 3 = 66. (3.14) 

This effectively expresses C 3 as a foliation of surfaces of the type z 3 = v for v £ C. The embedding (3.9) 
corresponds to ip — 0, x = while more general embeddings respecting the isometries will have x an d 
ip as functions of u. 

Our goal is to find the embedding that extremizes the probe brane action (A. 6). In the presence 
of non-trivial G3, such a configuration might be accompanied by non- vanishing world volume flux f2- 
Since we will consider such a case later, we will include the /2 terms in the D7 action, but from Lorentz 
invariance we can impose that the field strength has no legs in the external directions. Similarly, we 
can take the ansatz that the open-string fields depend only on u. With this ansatz, the CS contribution 
to the D7-brane action automatically vanishes and hence 

S D7 = -T D7 / d 8 e Vdet(M o6 ), (3.15) 

in which M a b is the internal generalized metric 

M ab = P [g] ab + 2n a 'c 2A f ab . (3.16) 
Writing the worldvolumc gauge field as a\ = a h ih}\ we find 

(3.17a) 
(3.17b) 

(3.17c) 

(3.17d) 
(3.17e) 



M uu 


=^c 2B {l + X ' 2 + (u 2 + (l- 


hx) 2 )^' 2 }, 




^> 




M uh i 


=f i 2 e 2B yf + 2 TO 'e M < 1 , 




M uh 2 


=2-n:a'e 2A a' h 2, 




M uh s 


=2Tta'e 2A a' h3 . 





■ There are more convenient coordinate definitions that we can make. However, this set will be more convenient when 
we include the backreaction of other D7-brancs. 
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Then, 



in which d 3 h :— /i 1 ^ 2 ^ 3 and 



<S*D7 



TD7V 



d*xdud a hVW 



W = u 6 e 8B i 1 + x' 2 + (1 + xYi'' 2 + 4^^-e 4A - 4S aU' 



u 2 ^ 



We first consider the equations of motion for ip and a^i . These are 



= d u 



TT' 



= d u 



-d u a h i 



(3.18) 



(3.19) 



(3.20) 



Hence we see that "0 = and a h i = arc solutions whether or not D3-branes are present. Inserting 
these solutions, the action becomes 



D7 



TD7^ 

8 



d 4 xdwd 3 /iu 3 e 4B (l + x 



72 \ 1/2 



(3.21) 



The factor e 4B is a function of r and therefore of \ and u. Hence the embedding is determined by 

= d u 



--duX 



x! l + (duX 

Variation of the action also yields the boundary condition 



(d x c* B )yJl + (d nX f 



(3.22) 



= 



w 3 e 4B 



--duX^X 



(3.23) 



u=0 



We will satisfy this by requiring that the brane asymptotes to the unperturbed solution x = as 
u — > oo, while at u = we impose 



= 



u 3 e 4S 



\/l + (dux) 



--duX- 



(3.24) 



As anticipated, the equation of motion and boundary conditions do not depend directly on the 
warping, but only on the internal metric. The equation is nonlinear and difficult to solve. However, 
we can use the fact that the background is characterized by a small parameter <C 1 to solve the 
above equation perturbatively. To this end, we write 



71=0 



n) x ' 



The zeroth order equation of motion is 

u 3 dlx (0) 







3u 2 d uX {0) 



1 + {duX 



(0)1 



3/2 



1 + (duX 



(0)1 



1/2' 



(3.25) 



(3.26) 



This is solved by (among other things) x' ' = 0, corresponding to the unperturbed embedding. 
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Figure 1. Profile of a D7 probe of AdS 5 x S 5 perturbed by p < N D3-D3 pairs. The curve is specified 
by (3.29). 



The next order equation is 



16L S 



5a« s (1 + u 2 Y 



(3.27) 



which has the solution 



Requiring \ ~* as u 



2L S 



Cl 



C2I-1 



1 



u 2 f 



U 2 )V 



30m 2 (1 

00 sets Ci = while imposing (3.24) at u 



(3.28) 



sets C2 = —2L 8 /fi 8 , giving 



X 



(i) 



iu 2 



(1 + u 2 Y 



(3.29) 



A plot of this function is shown in figure 1. 

The above solution naively indicates that at least part of the D7 falls toward the D3s. However, 
we must be careful to disentangle the effect of the motion of the D7 branes and the fact that the 
backreaction of the D3 changes the metric. That is, the physically relevant quantity is of course the 
change in proper distance. However, because the unperturbed geometry is anti-de Sitter, the proper 
distance between the D3-brane and the D7s branes is divergent. Equivalently, the dual theory is a 
conformal theory and so there is no natural scale against which to compare energies. We might consider 
measuring the unwarped distance (that is, using the internal metric g mn ) between the D7-brane and 
the D3-branes, but this quantity will be formally divergent in the perturbed geometry. Indeed the 
proper unwarped distance between two points on the same point on the S 5 is 



As 



dr e 



r-2, - n 



70 



(3.30) 



1' 2 



which diverges as either r*i or T2 approaches 0. However, even if this were somehow convergent, the 
backreaction of the D3 becomes large as r — > and the solution will differ significantly from the 
perturbative one we work with here and so the result could not be trusted. 
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Figure 2. Sketch of two initially parallel branes (represented by the dashed lines) that are deformed by the 
presence of an attractive source. The lower brane experiences a greater attraction than the higher one, and 
hence the distance between the branes increases. 



To avoid these issues, we consider two probe D7-branes, D7i and D72, which asymptote to the 
embeddings z 3 = /Ui=i, 2 - When p = the branes are parallel so the unwarped distance between them 
is simply ^ 2 — /ii (where we have taken /x 2 > /ii for dcfmiteness). To characterize the warped distance 
between them, we consider the points of the D7s that are closest to the D3s. These are simply where 
r = im and the geodesic between the two points is a radial path. Then 

As = r c- A+B dr = L\og^. (3.31) 

Jixi Ml 

In the perturbed geometry, the minimal radii arc, to leading order in 



N : 

p L 8 



5N M |. 

and the unwarped and warped distances between the branes are 

13pL/L 7 V 



(3.32) 



As= " 2 ^ 1+ mU^J' (3 - 33a) 

^=Llo g ^ + ^(^-^). (3.33b) 



m son V Mi i4 

For both of these measures, the proper distance between the branes increases when we take into 
account the perturbations. This is consistent with the fact that the branes are being attracted to 
non-BPS stack of branes; the D7 brane that begins closer to the D3s is attracted more strongly and 
so moves a greater distance than the D7 that is further away from them, leading to an increase in 
proper distance (see figure 2). We note however one subtlety in characterizing the movement using 
the warped distance: if the geometry is perturbed by just the addition of D3-brancs, then the warped 
distance (3.31) increases even though the D3s do not exert a force on the D7s. The unwarped proper 
distance, which does not change, is therefore a more honest representation of the reaction of the D7s. 

We can also characterize the influence of the D3s by the change in the energy density (that is, 
energy per unit volume of Minkowski space) of the D7. Since the configuration that we are considering 
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is static, this is simply given by the Lagrangian density defined by S = J dvol fl 3,i£, 



AS = -AC. (3.34) 

Defining 

V Y 3 = J h 1 ^^, (3.35) 

and 

r = -2 

8 



T=-I^-Vy3, (3.36) 



the energy density is 

S=T J d«« 3 c 4 Vl + x' 2 - (3.37) 

When p = 0, \ = and so the perturbed wavcfunction only contributes to the energy at O f jv^) ■ 
Since we are working in a non-compact geometry, S diverges. However, the change in the energy 
defined in this way is convergent 

AS = S P , - S p -_ = -T{^ + (3-38) 

If we artificially compactify the holographic coordinate by hand, this term would behave like a potential 
in the 4d theory and indeed we see that it favors small values of /Lt, indicating an attraction between 
the 3-branes and the D7 that is absent in the p = case. Note that in computing the above quantity 
we have made use of the O correc tions to the geometry (3.2). 

Finally, we comment briefly on the dual field theory analysis of the above behavior. As argued 
in [11], the open-string field x> which corresponds to transverse deformations of the brane, is dual to 
a field-theory operator with scaling dimension A = 3. We can confirm this fact quickly by observing 
that the linearized solutions of (3.26) scale as u~ 2 and u° when p = 0. At large u, we have r ~ fill 
and hence the asymptotic solutions act as 

X ~ Xdom + Xsub^ 2 - (3.39) 

Comparing this to the result for a canonically normalized scalar 

*~*do m r A " 4 + $ S ub^ A (3.40) 

and taking ratios of the terms (which corrects for the fact that x is n °t canonically normalized) we 
recover A = 3. Evidently the canonically normalized field is proportional to xl u i a f &c t that is easily 
confirmed by expanding (3.21). A constant shift in x is a solution to (3.26) (in the p = case), which 
is a reflection of the absence of a force between the D3s and the D7. Such a shift in /i results in a 
shift in the mass of the quarks of the dual theory. That is, the addition of Nf D7-branes at z 3 = fj, 
corresponds to the addition of quarks, fields transforming as bifundamcntals of SU (N) x U (Nf). The 
corresponding term in the superpotential is 

W 3 tuqQQ, (3.41) 

where Q and Q transform under conjugate representations, the mass is set by the embedding pa- 
rameter, rriQ oc jj,, and we have suppressed interactions between the quarks and the adjoint fields of 
the Af = 4 sector. A constant shift of the D7s shifts tuq and hence x is dual to the superpotential 
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operator QQ. In terms of the chiral superfields Q ~ Q + 8i/jq + 9 2 Fn 1 y corresponds to QQ . For 
p 7^ 0, the solution (3.29) scales as u~ 2 ~ ? ,_2 at large u, agreeing with the expected r~ 3 scaling of the 
canonically normalized field, and hence the dual theory has a vacuum expectation value for QQ ^ 
that is proportional to Jr. 

The analysis of this section was performed for D7s with a finite embedding parameter (3.9). The 
case for vanishing \x cannot be immediately carried over since the coordinate system (3.10) made use 
of a finite [i. Furthermore, the backreaction of the D3-brane increases as we approach the brane 
and hence cannot treat the addition of the anti-branes as a perturbation to the geometry even when 
jt *C 1. However, following [31] we can argue that such a D7 brane will not be deformed in the sense 
that z 3 = is still a solution to the D7-brane equations of motion in the presence of the D3s. This 
argument is reviewed in a more general context in appendix C.l. 

3.2 Backreacting D7s 

In the previous section, we considered the backreaction of TV D3-branes coincident with p -C N D3-D3 
pairs and argued that a D7 probe of such a geometry feels a small attractive force and hence bends 
toward the 3-branes. We should be able to observe such an interaction from the perspective of the 
3-branes as well. This could in principle be accomplished by placing probe 3-branes in the geometry 
resulting from the backreaction of such a D7. Unfortunately, the backreaction of codimension-2 objects 
is difficult to compute except in particularly simple cases. 

One strategy to make progress on the problem is to consider the backreaction of a smeared 
distribution of D7-branes. That is, rather than considering the backreaction of a single D7 satisfying 
the embedding condition z 3 = u, we consider Nf D7-branes each of which satisfy an SU (3) x U(l) 
rotation of that embedding 

a%z l = ve ia , (3.42) 

in which a £ [0, 2n) and the a% are complex parameters satisfying aiOq = 1. We then assume that Nf 
is large and that the branes are placed in such a way that the distribution can, to good approximation, 
be treated as following from uniformly integrating over the a* and a. The result for p = was found 
for v = in [27] and for v ^ in [31]. For simplicity, we will focus on the v = case which we review 
in appendix C.l. The corresponding quarks in the dual theory are massless and so we will occasionally 
abuse terminology and refer to such D7s as massless D7s. With the appropriate smearing, the metric 
for the internal space can be written in the form 

ds 2 e = c 2B {dr 2 +r 2 (d^ + A) 2 } +c 2C r 2 ds 2 Cp2 . (3.43) 

The solution describing the backreaction of the smeared branes is 

Nt 

F 1 =-^(d^ + A), (3.44a) 

e-*=I(l-^IogI.Y (3.44b) 
g s \ 2?r r s J 

1/3 



( l 9sNf 


log 


r 1" 


) 


V 2tt 




r s 6 





e 2B 



(3.44c) 



e a " =g s e-*-™, (3.44d) 
= - SngM 2 f ^ e ~ iB ^\ (3.44e) 
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Here, r s is an arbitrarily chosen scale such that <fi(r s ) = \ogg s . Note that the dual theory exhibits a 
Landau pole at tlp = r s e 27T ^ 9sNf where c _< * = 0. 

We now consider an D3 probe of the above geometry. In the absence of D7-branes, the D3 will 
feel a force from the D3 charge given by 8 



d$_. 



-Tra- 



de 



= -Srra^. 



(3.45) 



In order to make a precise comparison of the potential before and after the addition of D7-branes, we 
must account for the fact that both <I> + and the metric factor g rr are modified when Nf = is finite. 
Said differently, from the point of view of the world volume field theory of the D3, the radial position 
is a scalar field that has different normalizations before and after the introduction of D7s and so to 
make a comparison of the potentials we ought to give the fields the same normalization. To leading 
order in momenta along the D3 worldvolume, the action for the D3 is 



S m = -n> 3 J d 4 x I ie 4A + 2 V^rcU + <E> + (r) J , 



(3.46) 



where we have now considered an D3-brane that is moving entirely in the radial direction so that the 
position of the brane is described by r (x^). When Nf = 0, this gives 



5 



ra 



TU3 



d 4 x 



1 r 4 2r 4 
-— n^d rd r + — — 



(3.47) 



From the perspective of the D3-brane, the canonically normalized field is 

,.3 



'TD3 



in terms of which the potential is 



V(a) = 2 ■ 3^ 3 ^<j^ 3 . 



3i 2 ' 



(3.48) 



(3.49) 



9b N f 
2tt 



When Nf > 0, we cannot analytically find such a canonically normalized field. However when 
log ^ <1 the backreaction of the D7 can be treated perturbatively and we have 

9sN f ' 



.25 



1 



(in 



log 



(3.50) 



where we have taken 3 "^ f to be small and have neglected terms of higher order in that parameter. 
Then, 



4>_ 



2r 4 
i 4 



( 1 9sN f 


log — - 


1 " 


) 


V 3tt 




h 12. 





Hence to this approximation 



D3 



-TD3 



d 4 x 



1 r 4 
2L 4 



27T r s 



rTdprdvr + 



2r 4 
U 



9sN f 
3tt 



log 



f 

12 



(3.51) 



(3.52) 



8 Notc that this expression is slightly different, but not inconsistent with, that appearing in [25] since the authors there 
consider the interaction between a stationary D3 and a mobile, distant, D3 brane. In contrast, here we are considering 
a mobile D3 interacting only with the background charge of AdS 5 X S 5 . 
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We can construct a normalized field a in terms of which 



3L 2 

\AD3 



1/3 



9sN f 
36tt 



loE 



3L 2 cr 

/rE>3>3 



(3.53) 



and the potential is 



V 



' \ 9 o4/3 ^ 5s^V/ \ 



(3.54) 



Hence the potential experienced by an D3 is reduced by the presence of the D7s. Note that, at least 
to this order of approximation, the result is independent of the integration constant r s . 

Finally, we can consider a D3 probe of the geometry resulting from the backreaction of D3s and 
D7s. The precise thing to do would be to backreact the perturbed D7 branes which requires solving 
the D7 equations of motion together with the supergravity equations of motion. However analogous to 
what was argued in [31], D7- branes characterized by v = are not perturbed by the addition of D3- 
branes even once their smeared backreaction is taken into account as well. Even still, the backreaction 
of such branes is difficult to compute. We can make progress by considering the (admittedly non- 
generic) case in which the D3s and the D7s can be treated as comparable perturbations. Writing 
5 P = -fe and 5f = \ f , the corrections resulting from both D3s and D7s comes in at O (8 p Sf) and 
hence we must use the solution through O {5 2 ) where we assume 5 ~ S p ~ Sf. The result is (sec 
appendix C.l) 



,4A 



Fi 



.2B 



,2C 



L 4 
^4 



+ S f S s 



r 



21/ 
f 3^ 

5 r 12 
. 2 r 4 
^SL 4 " 

1 



loj 



lO! 



log- 



log' 



r 

' r s 
r 
r s 
r 



1 

" 12 
1 

" 12 
1 

" 12 
1 

12 



12 



■^5712 + 

P 125 r 20 

5r 
2 ^4 L^ 2 
p 125 r 12 ' 



A 2 ^ 
% r 4 



9 df L* 



6f(dip + A), 

9s 



1 

9s 
= 1 - 



1 



r 

5 f log h 5f5 p 



10 r 8 



6 f - 



, r 1 
l0g ^ + 3 

8 



<W»r-5-loe — 



5 r 



8 



=1 - (5 f — 



i r 1 
log 

6 



r 1^ 

p 5r« 

1 f 16 
A 2 — — 

P 50 r 16 ' 

1L 



3 V 
1L 8 



<5p = — - £?- 



5 r 



log 2 



log 2 



2 r 

o lo S — 

3 r s 



log log — 

r s 3 r s 



5 r 8 



log' 



r 



p 50 r 16 ' 



1 



lO! 



r 



1 r 
« log — 

6 r s 



5 

30 



1 

36 



5 

72 



23 
72 



(3.55a) 

(3.55b) 
(3.55c) 
(3.55d) 

(3.55c) 

(3.55f) 



Here, we have suppressed the additive constants to e 4A and u> which are present to ensure that e AA 
and — vanish at the Landau pole. 
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The relevant action for calculating the D3 potential is (3.46) with the replacement — > 
Then, in terms of a resulting canonically normalized field er, the potential is 

V(a)- S 2 T ^ L4/3 SS 1 T ^ Li " 5 2 2 ^ f3 56l 

Hence the presence of the D7s results in a steeper potential for a probe D3. 

Note that the above configurations of D7s and 3-branes are not quite what we would want to 
consider to compliment the discussion in section 3.1. In the earlier analysis, the 3-branes were located 
at smaller radii than the D7s while in this section the bottom of the D7s is localized at smaller r than 
the 3-branes. Unfortunately, the reverse situation is more difficult to describe. The backreaction of 
smeared D7-brancs characterized by v > is non-trivial only for r > v and hence the influence of such 
massive branes on 3-branes at r = cannot be captured in the smeared approximation. 

3.3 Forces between flavors 

In the absence of D3-branes, parallel D7s in the above background will not feel a force between them. 
However, this will not be the case once supersymmetry is broken by the presence of the anti-branes. 
To be more precise, we consider two D7s that asymptote to z 3 — /ii j2 and take |/z 2 | > When 
p = 0, the embeddings z 3 = /1 will solve the equations of motion precisely, even when the backreaction 
of the D7s are taken into account due to the supersymmetry of the configuration. However, when the 
D3s backreact, this cancellation no longer occurs. 

We can be more quantitative by considering a D7 probe of the geometry (3.55) describing the 
backreaction of smeared massless D7s and D3s in AdS 5 x S 5 . In order for the perturbative treatment 

< ±. That 

5 f 



of the D7 backreaction to be valid, we must again consider the situation in which 
is, the embedding parameter of our probe D7 is neither too close to the origin nor too close to the 
Landau pole. Of course, since the D7 extends to the UV in the radial direction, there will be part of 
the probe worldvolume that reaches the Landau pole; however, at that point the influence of the D3s 
is small so that the configuration is approximately supersymmetric and the deviation from the z 3 = /.i 
embedding is expected to be negligible, a fact that we will confirm. 

The process that we follow is largely the same as without the backreacting D7s. We again adopt 
the coordinates (3.10) in terms of which the metric (3.43) takes the form 

ds 2 = e2B ~f C Z A dz A z B d -B + c 2C dz A d -A 

2 r Vc^ + (i + x)V g , 2 , + ^ 

= ^ 2 , n , x2 du + 5— 77- ,2 d * + c [u +{1 + X) JdV> 

I u z + (l + x) u 2 + (l + x) 

u 2 e 2B + (l + X ) 2 e 2C \ n2 



4 



u 2 + (i + xY 



h l Y + c 2C (h 2 Y + e 2C (h 3 Y + e 2B u 2 d^h x 



2u(l + X ) (e 2B -e 2C ) 

— ^ j '-du d X } • (3.57) 



u 2 + (l + X ) 

Then the internal generalized metric on the D7 probe is 



_V^+(l + X )e 2C , 2 M (l + x )(e 2 ^-c 2 ^) , 
u 2 + (l + X ) 2 U 2 + (1 + X) 2 X 



+ (i + x) 2 



,2B 

— x ' 2 + c 2 > 2 + (l + x )Vn, (3.58a) 
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u 2 + (l + x) 4 
u 4 

M h2h 2 = M h s h 3 =V 2 c 2C — , (3.58c) 

M ah r =M 2 c 2S y V + Ws^c^^ai,, (3.58d) 

M uh 2 =2W 5 y 2 e 2A -^ 2 a', l2 , (3.58e) 

M ufe s =27rc/ 5 y 2 e 2A -^X3. (3.58f) 
This gives the DBI action 

S DBI = _ID7^ /■ ^^^^ (3.59) 



where now 
with 



W = W + W lX ' + W 2X ' 2 + Yt// 2 + H ija ' h a', , (3.60) 

u 6 (u 2 e 2B + (l + x) 2 e 2C Y 
Wo = 5 -V^^- (3.61a) 

(W(l + x) 2 ) 

2^(1 + X ) (e 2B - e 2 ^) (u 2 e 2B + (1 + X f e 2C ) 
W 1 ^ 2 c 4C + 2 ^ ' iA / , (3.61b) 

(W(i + x) ) 

M 6 f u 2 e 2C + (1 + x) 2 c 25 ) f « 2 c 2B + (1 + xf e 2C ) 
W 2 =g-^ 2 ^ — A . 1 (3.61c) 

(W(i + x) 2 ) 

Y =g- 2 c 2B+6C+2 ^ 6 (1 + xf , (3.61d) 
=^l! 4u V 1 c 4A+4C+0 , (3.61c) 

* 22 = *33 ^^e^ "^^ 1 ^)' , (3.611) 
M u 2 + (1 + x) 

and other components of Hij vanishing. 

In addition to the DBI action, there is a contribution from the Chern-Simons action due to the 
nontrivial Co sourced by the backreacting D7s. D7s couple magnetically to Co and so we construct 

r 3 

F g = -g-^idFt = -Q / _ g - 2 c 2 " i c 4C dvol i? 3,i A dr A J A J, (3.62) 

where we have written Fx = —Qf (dtp + A) and made use of the fact that the fiat space volume element 
is 

dvol C 3 = — J A J A J = -r 5 dr A (dtp + A) A J A J, (3.63) 

where the factor of \ comes from the fact that dvol^ps = i J A J . In the absence of 3-form flux, we 
have Fg = dCs and so we can take 

3 

C 8 = Q / ^ 5 - 2 e 2<#,+4C dvol fl3 ,i A dr A A A J. (3.64) 
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In terms of the coordinates (3.10), this is 



C a = -Q r 



fJTU 



32 (W(l + X ) 2 ) 
from which we easily calculate the pullback to the probe D7. 

[l 4 U 4 (U + (1 + X) X') „-2„20+4C 



<7 s - 2 e 2 * +4C dvol i?3 .i A [udu + (l + x)dx] A dr) A sinfldf? A dy>, (3.65) 



P[C 8 ] =-Q f '- 



32(m 2 + (1 + x) : 



fl -2 e 20+4c dvolfls.i A du A dr? A d0 A dep. (3.66) 



When p = the D7-brane is supersymmetric implying that the volume of the 4-cycle transverse to 
R 3 ' 1 is calibrated in the sense that 



dvol S 4 = --P [J A J] ~ +du A di] A d6» A d<£. 



(3.67) 



Although the volume form will not be the same for p ^ 0, this defines the orientation for a D7 (an D7 
has the opposite orientation). With this orientation, the CS contribution to the D7 action is 



J D7 



The total action is then 



cs = _MWl f du d s h u * (» + (!+ X) X') n rn -2^ +i c 



4 (u 2 + {l + xY 



5d7 — — - 



^ T D7 / j4 mJ . ,3 



8 



d 4 .Tdud J M 



M 4 (u+(l + x)x') 
4(W(1 + X ) 2 ) 



<9/5 s e 



-1„2<A+4C 



(3.68) 



(3.69) 



It is easy to see that ?/> = a /i ; = is again a solution to the equations of motion. Setting these 
fields on shell, the action takes the form 



>D7 



M TD7 / ,4 



d 4 xdud 3 /J x/Wo + Wix' + W 2 X' 2 + W a + Wax' >, 



Then the equation of motion determining the perturbed embedding is 



0=d u 



W 2 



^9 X W 2 2 
2 VW X 



i a y Wi 



x' - d x W iX ' 



2VW 



d u W A 



d x W 



2\JW 



d x W 3 . 



The variation of the action also leads to the boundary terms 9 



= 



11- 



2 / 

X 



2VW 



+ W 4 )S X 



u=0 



(3.70) 



(3.71) 



(3.72) 



9 Note that both of these boundaries exist at regions where there is no perturbative control. The same problem was 
present for the IR boundary condition in the Nf = case, but the the failure of perturbation theory in the UV is new 
to the flavored case. Moreover, perturbation theory breaks down at around the Landau pole at r^p = r s e 2w ^ 3aN f . Due 
to the corresponding UV singularity, a more appropriate boundary condition to impose might be that \ vanishes at 
some finite r < rxp as in [32], However, since for Sf -C 1 this occurs at exponentially large radii, the difference between 
formally imposing a boundary condition at u = oo and this finite part will be exponentially small. 
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We again satisfy this by imposing that \ vanishes as u — > oo and imposing the Neumann condition at 
u = 0. 

Performing an expansion in 5 ~ Sf ~ S p in both Wj and x schematically as 



71 = 



(n) 



(3.73) 



the ((5°) and O ((5 1 ) corrections are the same as they were in the Nf = case of section 3.1. This is 
a manifestation of the fact that the D7 probe and the backreacting D7s are mutually supersymmetric 
when p = 0. Hence through O (<5 4 ) we again have (3.29) 



L 8 u 4 + 3u 2 + 3 

X ~ P 15^ 8 (l + «2)3 ■ 

The O (<5 2 ) corrections to the equations of motion then take the form 

o =*w 2) r + 3.v 2) n + ^ 75^16 (1+ u3 U 2 ) '» ( 3 " 6 + 2ui - 12u2 33) 



(3.74) 



8 V S 



64L 8 



15/x 8 (1 



lO! 



VI + u 2 fx u 8 + 6u 6 + Uu 4 - 2u 2 - 26 



96 (1 + u 2 ) 



(3.75) 



With the above boundary conditions the solution is 
„ L 8 u 4 + 3u 2 + 3 



X 



-5. 



P 15^ 8 (1 + u 2 ) 3 

L 16 270u 12 + 1890m 10 + 5670u 8 + 9450u 6 + 9513u 4 + 5761u 2 + 1813 
p 78757? (1 + u 2 ) 7 

L 8 



S p S f 



1080 M 8 (1 + u 2 ) 



— - — j l 37u 6 + 160u 4 + 262m 2 + 148 + 96 (u 6 + 4u 4 + 6u 2 + 3) log — 
1 + u 2 ) I r s 



12(u 6 +4u 4 + 6u 2 + 8+^r ) log(l + u 2 ^ 



From this we see that the minimal coordinate value reached by the D7 is 



L 
5^ 



s r 



259L 8 
'225^ 



8 



r 4 A A* 11 

^3 l0g ^ + 36 



(3.76) 



(3.77) 



Hence whether or not the backreacting D7s attract or repel the probe depends on the ratio The 
backreacting D7s attract D7 probes so long as \i > r s e -11 / 36 but will repel branes that are closer. 
However, the repulsion will not cancel out the attraction from the 3-branes until /1 is exponentially 
small, log ^ ~ — jj, at which point the D7s can no longer be treated as perturbation. Our interpreta- 
tion is that the presence of the D3s causes the NS-NS forces and R-R forces between D7s to no longer 
balance and at sufficiently small distances, the repulsive R-R forces dominate. This repulsion may 
indicate a possible instability of D7-stacks in this background; if one of the D7s in the stacks fluctuates, 
then the repulsion between the D7s will reinforce the fluctuation and push the D7s apart. However, in 
order to confirm this effect, we would need to extend our analysis beyond perturbative treatment of 
the D7 backreaction and to include the backreaction of branes at finite embedding parameter. More- 
over, we have imposed by hand that the D7s asymptote to the unperturbed embedding and hence any 
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fluctuation respecting this boundary condition will eventually relax to the initial configuration. In a 
more complete treatment, the asymptotic boundary condition would be replaced by fluxes in a UV 
completion of the geometry Such an effect must also be taken into account to quantify the conditions 
for stability. 

To be more precise about the response of the D7, we should again consider the proper distances. 
Due to the increased complexity of the geometry we will not report the result here, but they do not 
qualitatively change the above picture. 



4 Interactions on the conifold 

The previous section explored the behavior of D7s in the presence of both D3-branes and D3-branes. 
However, the D3-D3 pairs will annihilate into closed strings and so a significant drawback of the 
construction is the absence of stability. A more realistic scenario is the one suggested in [14] in which 
D3s are placed at the bottom of a warped geometry sourced by fluxes rather than by integer D3- 
branes. The best known example, and the one explicitly considered in [14], is the Klebanov-Strassler 
solution which results from the backreaction of fractional D3s in the deformed conifold. However, the 
KS geometry is a comparatively complicated solution and even more so when the backreaction of D3s 
are taken into account [15, 20-22]. Hence we will first consider the case of D3s and D3s located at a 
conifold singularity, deferring the discussion of the metastable case to the next section. 
The conifold 10 can be embedded into C 4 by 



z A z A = 0, ^W gC . 



(4.1) 



It admits a Calabi-Yau metric 



ds 2 6 = —L z A dz A z S dz B + ^Ldz A dz A , 
4r 4 V2i 



r 



(4.2) 



in which 



3/2 



(4.3) 



The metric takes the form of a cone over the Einstein-Sasaki space T 1 ' 1 



dsg = dr 2 + r 2 ds^i,i 



(4.4) 



T 1 ' 1 can in turn be written as an S 1 fibration over the Einstein-Kahler space S 2 x S 2 . Indeed, writing 



1/4 



r 3/2 e iv/2 



31 _i_ a2 



1/4 



r 3/2 e iV/2 



1/4 



r 3/2 e iV/2 



1/4 



r 3/2 e iV/2 



sin 



— sin 



COS 



Sill 



31 _ fl2 



A2\ 1 



1 Sill 



— i sin 



sm 



cos 



2 
2 

9_ -4> 2 
a a2 



(4.5a) 
, (4.5b) 
(4.5c) 
(4.5d) 



-'See [33] for a review of the conifold and related geometries. 
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Figure 3. Quiver for the Klebanov-Witten gauge theory. 

in which 9 l <E [0,7r], <f> 1 <E [0,27r), and ip £ [0, 47r), the metric takes the form 

d S 2 = dr 2 +r 2 QdV + ^ +r 2 d4 2xS2 , (4.6) 

where 

2 



and 

2 



^=iVcos0M0 4 , (4.7) 

6 i=i 

1 2 

-^[(d^) 2 +sin 2 ^(d^) 2 ]- (4.8) 



6 , 



The Kahler form for the conifold is 

J = r c\r A I 

.3 
where 



J = rdr A ( I dtp + A ) + r 2 ^, (4.9) 



J = Az 4 - PjZ A Az a A z s df S = -1 Y sin0W A d^ = ±dA (4.10) 

V 2—1 

is the Kahler form on S" 2 x S 2 . 

Due to the common conical structure, the backreaction of N + p D3 branes with p D3-branes is 
captured by 

ds 2 = e 2S (dr 2 +r 2 d4 1 , 1 ), (4.11) 

where B, the warp factor, and the C4 potential are again given by (3.2). The p = case is the 
Klebanov-Witten solution [34] while the finite p case was first considered in [15]. The Klebanov- 
Witten geometry is dual to an M = 1 SU (N) x SU (N) conformal gauge theory summarized by the 
quiver in figure 3. 

4.1 Kuperstein probes 

Just as in the AdS 5 x S 5 case, a probe D7 brane will be supersymmetric if it is holomorphically 
embedded into the Calabi-Yau. Here we focus on the Kuperstein embedding [35] 



2 



1/4 



^ = ( # ) (4-12) 
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Figure 4. Quiver for the Klebanov-Witten gauge theory flavored by Kuperstein quarks. 



Although our analysis could be extended to Ouyang embeddings 



z 3 + iz 4 = (x, 



(4.13) 



such embeddings are not supersymmetric in the KS geometry without the presence of worldvolume 
flux [37] and so we will not consider them here. Upon adding Nf such branes, the dual gauge theory 
exhibits a U (Nf) flavor group such that resulting quiver is shown in figure 4. 

It is convenient to write the conifold as a foliation of Kuperstein embeddings, similar to what was 
written in [16] 



1/4 



2 

27 
2 

27 
2 

27 
2 

27 



cos m cosh 

V 2 



1/4 



sin <b cosh 



cos — i sin 6 sinh 



cos 9 + i cos <b sinh 



t + i7 
2 

t + i7 



|) I/4 ,( 1 + x)e«™ h (i±il) 



sm( 



1/4 



= - ^(1 + X)e ic , 



(4.14a) 
(4.14b) 
(4.14c) 
(4.14d) 



in which \ € [— l,oo), C £ [0,27r), t € [0, oo), 9 G [0,7r], G [0, 27r), and 7 G [0,47r). Our Kuperstein 
embedding (4.12) is then specified by \ — C = 0. The embedding retains an SO (3) invariance under 
which Z A=1 ' 2 - 3 are rotated among each other, t is an SO (3)-invariant radial-like coordinate satisfying 11 



— ,, 2 / 3 



A^ /a (l + x) 2/3 cosh ; 



It is then useful to define 



u = cosh 2/3 -, 
2 



2/3 



so that u G [1, 00). We also use the SO (3) left-invariant 1-forms [16] 

1/7 7 
h =2 cos — d9 — sin — sin 
\ 2 2 

fr 2 =2 1 sin -AO + cos - sin 



h =Aj — 2 cos 



(4.15) 
(4.16) 

(4.17a) 

(4.17b) 
(4.17c) 



llr The awkward factors of (^y) 1,/4 appearing in (4.12) and (4.14) were chosen so that this expression has no numerical 
pref actor. 
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In terms of the foliation coordinates, the metric (4.11) takes the form 



4M d.d x+ ^,/l^/ l 3d C+ ^f-^ + dC 2 )M4.18) 



3(1 + X ) A 9 V « 3 S 9 V(l + x) 
The resulting DBI action is then 

.8/3 



qDBI _ r D7M 
D D7 — 



144 



d 4 x du d 3 h yVo + W lX ' + W 2X ' 2 + YC a + H l3 a' ht a' h3 , (4.19) 



in which 



W = {4u 3 - l) 2 e 8B (1 + x) 16/3 , (4.20a) 

16u(4u 3 - 1) (u 3 - 1) SR , ,,,, 
Wi = i ^ >-c 8B (1 + X ) 13/3 , (4.20b) 

16u 2 (4w 3 - 1) (u 3 - 1) „„ , ao/3 
1G 

y 



y = 1^2 ^3 _ ^ C 8S (1 + x )16/3 ^ (4 20d) 



flu- gSg 48(4 " 1 ( " -'' c"«(urf" ; (4.20c) 

H22 =^g^48u 3 (4u 3 - iy A+iB (1 + X ) 8/3 , (4.20f) 



^8/3 

^33 =^?144" (" 3 - l)e 4A+4B (1 + X) 8/3 



(4.20g) 



with other components of H%j vanishing. 

The equations of motion for C, and arc satisfied by setting a^i = ( = 0. Setting those fields on 
shell, the action simplifies to 



q W 8/3 



J d A xdud 3 h^fW + Woe' + W 2 x' 2 - (4.21) 

The resulting equation of motion and boundary conditions again take the forms (3.71) and (3.72) after 
setting W3 = Wa = and replacing the lower bound of the boundary condition with u = 1. Using 
that % = is a solution at leading order in -j^-, the equation of motion at O (j^-) is 



= d u 



u 2 (u 3 - 1) 
4w 3 - 1 



d uX {1) 



6L S 1 



(4.22) 



where we have again written \ = ^2 n (77)™ X - The particular solution satisfying the boundary 
conditions is 

(1) 3i 8 f 40w 7 + 60u 6 + 24u 3 - 5 , 240 V3 



X' = tttttS 3 h^arctan— }. (4.23) 

A 700^ 16 / 3 \ u v 7 ^ l + 2w r 



This is plotted in figure 5. 
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Figure 5. Profile of a would-be Kuperstein D7 probe of AdS 5 x T 1 ' 1 perturbed by p < N D3-D3 pairs. The 
curve is specified by (4.23). Note that the kink at u — 1 is an artifact of the coordinate system used. 



The corresponding minimal radius occurs at u = 1 and is given by 

(4.24) 



p 357 + 40\/37r L 8 



TV 150 ^ 16 / 3 



Given that /x carries different dimensions than the same symbol did in the flat space embedding (3.9), 
this is qualitatively the same behavior as in the flat space case. Correspondingly, the distance between 
two such branes and change in energy takes the same qualitative forms as (3.33) and (3.38). 

By considering the large u behavior when p = 0, we can show that \ ' 1S dual to an operator 
with mass-dimension | and again corresponds to a mass term for the dual quarks, x is related to a 
canonically normalized field $ such that at large u, $ ~ x u ~ 3 ^ 2 > consistent with the w _1 falloff of the 
perturbed embedding. 

4.2 Backreacting Kupersteins 

As reviewed in appendix C.2, the backreaction of smeared massless Kupersteins in AdS 5 xT 1,1 takes the 
same form as the smeared branes in AdS 5 x S 5 does, except that for the case of Kuperstein embeddings, 
8f = Therefore the forces experienced by probe 3- branes in the presence of backreacting will 

be the same as in section 3.2. In this section, we will therefore focus on the interaction between 
Kuperstein branes. 

Expressed in terms of the coordinates (4.14), the metric resulting from the backreaction of D7s 
takes the form 



ds 2 6 =e 2B {dr 2 + r 2 (\d^ + A) 2 } + c 2C r 2 d S 2 2 



S 2 xS 2 

= - A. ( 3e 2C _ 2e 2B) E A dz A z B d -B + 20_ e 2C dz A d -A 
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=m 4/3 (i + x) 



4 /3 J ( 2B 



' 4(w 3 -l) e 



2C 



dw 2 



u 3 - 1 
9m 



3(1 + X) 
4« 2 „ 2B / d X 2 



4it 2 
1) 



. e 2B dud X +^-Jl~^e 2B h 3 d( 



-de 



(4.25) 



Again imposing that the open-string fields depend only on u, the induced metric on the 4-cycle is 
found by making the replacements dx — > X 'du and d£ — > £'du. The DBI Lagrangian is then 



S^ l = -^^- J d 4 x du d 3 ^ yV + W lX ' + W 2X ' 2 + Y(> 2 + H ija ' hi 



in which 



16/3 
2B^ 



W =. 9h r 2 c 4C+20 (3e 2C + 4 ( u 3 - 1) c 2S ) 2 (1 + x ) 
Wl =^ M (u 3 - l).g- 2 c 4C + 2B + 2 ^(3c 2C + 4(m 3 - l)c 2B ) (1 + X ) 

(3e 2C + 4( u 3 -l)e 2B )(l + x) 



16 



2 -2„4C+2B+2<£ 



^2=y(« 3 -l)«V 2 e 

r = ^( u 3_l) u 2 5 -2 e 6 C+2S + 2 ^ 

3 



13/3 



10/3 



(! + x) 



16/3 



Hu = ( y a48( "J 2 V e 4A+a °^(3e ao + 4(. 3 - l)e«) (l + x ) 
H 22 ^^! 4 8 U5 - 1 e^ +2C ^(3e 2C + 4( w 3 - l)c 2S ) (l + x ) 8/3 , 



8/3 



#33 = 



(2W) S 

H 8 / 3 



144(M 3 -l) Uffs - 1 e 4 ' 4 +4C + (l + x) 8/3 ; 



(4.26) 

(4.27a) 
(4.27b) 

(4.27c) 

(4.27d) 

(4.27c) 
(4.27f) 
(4.27g) 



with other components of vanishing. 

The 8- form potential again takes the form (3.64). Since d^ is closed we can write this as 



C& = Qf^-g- 2 e 2 * +4C dvo\ R 3,i A dr A (^dtp + A) A J. 



(4.28) 



Using 



drA (l-d^ + A) = -^z A dz A Az B dz B , J 
3 4r° 



3 dz A A dz A - \z A dz A A z B dz B , (4.29) 
8r 6 ' v y 



2\/2r 3 
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wc have 



C 8 =Q/ 



M 8 / 3 (1 + X) 2 " 3 



(1 + X) 
36 



2/3 



-2 e 20+4C dvol 



du 



u 3 - 1 



9(l + X ) 1/3 u 3 / 2 V^ T ~ 7 l 

(i+x) 2/3 r 



3 (1 + x) u 2 
du A d( A dx A h 3 



d\ 



Ah 1 Ah 2 Ah 6 



18 



-dit 



3(1 + X) 



\J US u 1 dx AdCA/i^/i 2 !. (4.30) 



When pulling back to the worldvolume, we make the replacement dx — > x'du and d£ — > £'du and 
hence 



,,8/3 CI i v ^|8/3 

p[c 8 ]=q / / + q r 2 e 2 ^+ 4C ^ 3 - 



144 



1 



2^x' 
3(1 + X) 



dvol^a.i A du A h 1 A h 2 A h 3 . (4.31) 



We can again use the calibration condition in the supcrsymmctric case to determine the orientation. 
When p = 0, 

(4.32) 



dvol S 4 = — P[j A J] ~ -du A h 1 Ah 2 A ft, 3 , 



and so writing 



wc have 



°D7 — 



8/3 



144 



d 4 a-dud 3 /i{W 3 + W4x'}, 



W 3 =Q f (u 3 -l)g- 1 e^ c (l + X f 3 

^4=^g /u (u 3 -i). 9 -vw(i + x) 5/E 



(4.33) 

(4.34a) 
(4.34b) 



The equations of motion for the gauge field and £ are solved by taking = and £ = while 
for x we again have (3.71) and (3.72). The resulting solution is a little cumbersome, but for large u, 



24L 8 



X 



p 35u 16 / 3 u p 



,96 (88 + 15V37T-451og3)L 16 8L 8 log; 

h dpd f: 



6125/i 32 / 3 u 



35u 16 / 3 t 



(4.35) 



This is again qualitatively the same analytic behavior that we encountered in the Nf = case, aside 
from the logarithmic running which is a result of the non-trivial RG flow induced by the backreacting 
flavors. The minimum radius obtained is 



2 / 3 J 1 A A 2 x x 

~ P^16/3 ~ V ^32/3 ~ °P°f „16/3 



clog 



/' 



2/3 



where the coefficients can be expressed precisely but have the approximate values 

aw 0.547, few 1.90, c w 0.730, d« 0.961. 



(4.36) 



(4.37) 



The qualitative behavior is similar to the flat space case: for fi > r s c d l c the backreacting flavors add 
to the attraction, while for smaller u, the attraction is reduced. 
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5 D7s and anti-D3s in Klebanov-Tseytlin 



As discussed previously, the above examples are unstable in that the spectrum of open strings stretch- 
ing from a D3-branc to an D3-brane contains a tachyon indicating that the branes will annihilate into 
closed strings. An alternative and possibly mctastablc construction is that of [14] in which D3s are 
added to a geometry warped by the presence of 3-form flux rather than D3-brancs 

The Klebanov-Tseytlin (KT) solution [38] accomplishes this by considering the presence of frac- 
tional D3-branes resulting from M D5s wrapping a collapsing 2-cycle of the conifold. The resulting 
dual theory is best described in terms of a cascade of self-similar Seibcrg dualities where at each stage 
the quiver takes a form similar to that in figure 3, except at each stage in the cascade the difference 
in rank between the two nodes is M. In terms of the angles appearing in (4.5), it is useful to define 
the 1-forms 



e = — sin 1 dip 1 , 

e 3 = cos %jj sin 9 2 dip 2 - sin ipd9 2 , 

e 5 =dip + cos 6 1 dip 1 + cos 2 dip 2 . 



e 2 =d9\ 

e 4 = sin ip sin 9 2 d<p> 2 



cos t/jdd- 



and then 



9 



1,3 



V2 



9 



2,4 



V2 



9 



(5.1) 



(5.2) 



In terms of these forms, the 3-form flux resulting from the fractional D3s is 



a'M 



3a'g s M 



Such flux is imaginary self dual (ISD) in that 
unwarped Hodge-* built from the 6d metric 



4r 

1G3 where G3 



drA^A^ + ^Ag 4 ). (5.3) 
F3 — ic^^Hs and * is the 



ds 6 = dr" 



9 



2 4 



97 



Since the background is ISD, we have = and 

277ra' ffs f Ar , 3g s M 2 



-4A 



4r 4 



N - 



2tt 



, r 1 
log — + - 

r 4^ 



(5.4) 



(5.5) 



The naked singularity exhibited by this solution is resolved by the deformation of the conifold, the 
effects of which become important at r ~ r . The resulting supergravity solution is the Klebanov- 
Strassler geometry [13]. 

The backreaction of D3s on this geometry was first considered in [15] (DKM). The result is a 
non-ISD flux and a squashed metric 



dsl 



.,1B 



c 2B =1 



„2C 



dr 2 + 
2,a' 2 S 
a' 2 S 



4r 4 



5 



F, 



a'M 



■2C \ " 



i=l 



g 5 A (g 1 Ag 2 + g 3 Ag 4 ), 
H 3 =a' '0'dr A^ 1 A3 2 + g 3 Ag 4 ), 



(5.6a) 

(5.6b) 

(5.6c) 

(5.6d) 
(5.6e) 
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/?(r 



-4.A 



3g s M r 
-— — log — 

4 r 



27itg s a n 



N - 



4 r 4 

1357rg s a' 4 iS 



3W 2 5 
8Mr 4 
3g s M 2 
2tt 



A r - 



3 5s M 2 



7T 



, r 1 

log - + - 

r 4 



c v = 



32r 8 
3cV 2 S 
5s^ 4 



N 



l2g s M 2 

5/T 



log — 

^0 



log — 

^0 



13 
12 



log- 



(5.6f) 

(5.6g) 
(5.6h) 



in which S ~ Jl e -87rAr/3c/ s A/ 2 an( j wc a g a i n written the metric as (4.25). Note that the 

form of our solution differs from the original DKM solution in [15] by an O (1) redefinition of S 
and a redefinition of the radial coordinate 12 . As emphasized in [15, 21], the DKM solution does 
not entirely capture the backreaction of an D3-brane. The most obvious deficiency is that $_ = 0, 
while it is precisely in the $_ equation of motion (2.7) that explicit D3-branes appear. However, 
the consequences of a non-zero $_ fall off faster than the DKM solution for large r (see (3.2)). Less 
obvious is the fact that the backreaction of D3s in the full KS solution have modes that drop off 
more slowly than those appearing in DKM [21, 22] but disappear as we take the deformation of the 
conifold to vanish. For these reasons we will consider the analysis of a Kuperstein brane in DKM as a 
warm-up to a more complete analysis in future work, anticipating that much of the behavior will be 
qualitatively captured by our analysis in DKM. 

Consider a Kuperstein probe of the geometry. We can write the NS-NS potential as (see, e.g. [41]) 



Bo 



x'^g 1 Ag 2 +g 3 Ag A ) 



27ia'/3 
4r 6 



e ABC DZ A z B dz c A dz D , 



(5.7) 



where £1234 = +1. In the 5 = case, the D7 is holomorphically embedded into the conifold and so 
J- 2 = P [B2] + 2na' /2 is (1, 1) when /2 = 0. Furthermore one can show [35] that Ti is primitive in the 
sense that P [ J] A T2 = where J is the Kahler form of the conifold. Hence, a Kuperstein embedding 
is supersymmetric in KT 13 . 

Consider a would-be Kuperstein probe of the DKM geometry. The presence of 3-form flux mod- 
ifies the DBI and CS actions from what was considered in previous sections. In terms of the coordi- 
nates (4.14), the NS-NS 2-form takes the form 



B 2 = - 



The DBI action then takes the form 



a'f3 
2u 5 / 2 



{3uduAh 2 + H 1 Ah 3 }. 



cDBI 
D D7 



TD7M 



8/3 



144 



(5.8) 



(5.9) 



12 It was pointed out in [16] that the DKM solution, as originally expressed in [15], exhibits a non-Hermitian metric 
when expressed in terms of the unperturbed complex structure (i.e. the solution of [15] has g zz 7^ 0). This feature is 
not exhibited by (4.25) due to the different ansatz used. This should not be seen as contrary to the expectation that 
non-supcrsymmetric sources will generically induce such non-Hermitian elements (see, e.g., the discussion in [40]) as the 
coordinate redefinition that brings the solution [15] to the form (4.25) is non-holomorphic. 

13 In contrast, while P [B2] is of course still (1, 1) for an Ouyang embedding, it is not primitive, and hence, as mentioned 
earlier, an Ouyang embedding must be magnetized in order to be supersymmetric [37]. 
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in which 



Wo =g- 2 e 2 * 
16 



(1 + X ) 8/3 e 2C (3e 2C + 4(u 3 - l)c 2B ) + 



2B , , 27a' 2 /3 2 _ 4A _ 



^ 8 / 3 U 4 



Wl =^ ffs - 2 e 2 ^ (1 + X ) 13/3 e 4C+2B U ( W 3 - 1) (3e 2C + A(u 3 - l)c 2B ) 



144a 



/2 



(1 + x) 5/3 e2B+2 a^ (1 _^_, _x e 



8/3 



1 



-l n iA+4> 



W 2 =^ 3s " 2 c 2 ^ (1 + X ) 10/3 e 4C+2B u 2 (u 3 ~ 1) (3c 2C + 4(u 3 - l)e 
9 



2B\ 



48a' 2 



{l + x) m [u--\ C 2 ^(3 2 g-^ 



^2B+2C R 2-l a iA+4> 



Y =^ 3 - 2 e 2 ^(l + x) 16/3 e 6C+2B (^ 3 - l)u 2 



+ 



u8/3 



(i+xr J u 



#2 
#11 
#22 
#33 = 



192 (2W)a' M , .s/s^ 3 -!) 



3/2 



,8/3 



(i+xr 



72 (2W)a' c4A 

^8/3 u 3/2 



(1 + x) 8/3 (3c 2C + 4( u 3 - l)e 2JJ ) 5 -V + 



: 2B+2C /3 5 - 1 e 4A+ ^ 



27a' 2 



3 2 e 4A 



+ x) 8/3 ^(3e- + 4(.3 _ l)e-). 9 -e^, 



/\2 



48 (2W) 
144 (2na'Y 



(1 + X ) 8/3 .e-(3e- + 4( M 3 _ l)f°) g ? e "+* + 



8/3 



1 + X ' K-l jug-'e 



1 <L4+4C+0 



with the remaining Hij, Hi, and Ij vanishing. 

The Chern-Simons action receives a contribution from the 4-form potential 



Sm 4) = J P [Ca\ A J-2 A J- 2 . 



(5.10a) 
(5.10b) 
(5.10c) 

(5.10d) 

(5.10e) 
(5.10f) 
(5.10g) 
(5.10h) 
(5.10i) 



(5.11) 



Using that the pullback of B2 is trivial and taking the orientation defined by (4.32), this contribution 
becomes 



J D7 



^CS(4) _TD7 / 

j8f . abed 



TD7M 



8/3 



144 



d 8 e w 



f 27a' 2 (3 2 _ 36 (27ra')a' f3 
\ ^ 8 / 3 u 4 ~ 



M 8/3 u 3/2^ 2 



(5.12) 



in which e" 123 = — 1. 

In addition, there is a contribution from Cq, the magnetic dual of C2, 



Sd 7 S(6) =m 7 g s J P[C 6 ] AJ 2 . 



(5.13) 



The potential Cq is such that 



F 7 = dC 6 - H 3 A C A = -^V*^, 



(5.14) 
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where i is the Hodge-* built from the lOd Einstein- frame metric. Since 13^3 = 0, we have 

*F 3 = e 4A dvol H3 ,i A *F 3 , (5.15) 

in which * is the Hodge-* built from the unwarped 6d metric <? mp . Hence, 

dC 6 = g-^dvoljp,! A (wc-^ 3 - e iA * F 3 ). (5.16) 

It is easy to check that in an ISD background, dCe vanishes and so we can take Cq to vanish. In DKM 
this becomes 



dC 6 = a'g- 1 ^ ( ^ - e^ ) dr A (g 1 A g 2 + g 3 A g 



3M 



Writing 

we have 



dr 4r 

C 6 = .g-Mvol^a A C 2 , C 2 = all (g 1 A g 2 + g 3 A <? 4 ) , 

2S 



1 



1 — 

9<? S M ° S r - 



(5.17) 

(5.18) 
(5.19) 



Note that C 2 is parallel to B 2 . 



S 



CS(6) _ TD7ffs 



D7 



8/3 



d s ^ a ° ca a^cd 

54a' 2 /3 7 36 (27ra')a' 7 ; 



144 



d 8 x 



8/3 



a,, 2 



,3/2 ^ 



(5.20) 



The DKM solution has Co = and hence there is no Cq or Cs contribution to the Chern-Simons 
action. Finally, with the assumption that = 0, neither C 2 nor the magnetic part of C4 contribute. 
Hence we can write the total CS action as 



cCS _ 

°D7 — 



TD7M 



8/3 



144 



J d s dw 3 + K ia ' h X 



with 



27a' 2 8 
-^r4( w /3 + 27), 



A", 



36 (2W) a' w/? + 7 



8/3 



,3/2 



(5.21) 

(5.22a) 
(5.22b) 



The functions Wi, Y, Yi, Hi, H^ and Ki depend only on u and X- Hence £, a^i and only appear 
in the action through the derivatives and furthermore only in the combinations C' a hii C' 2 ; a 'hi an d a' 2 3- 
Therefore the equations of motion for those fields are solved by taking £ = a^i = a^s = 0. However, 
due to the non-trivial NS-NS potential, we cannot also take = 0. The remaining equations of 
motion arc 



0=d u 



0=d u 



2 Vw 



1 d x w 2 2 

A 



w 



1 d x H 22 

2 VW 



a' 2 ld * W \> 



h' - d x K 2 a' h 2 + -d u 



Wi 



H 22 



d u a h 2 



H> 



W. 

d u K 2 , 



ld^Wo 



W 



d x W 3 , 



(5.23a) 
(5.23b) 
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in which 



W = W Q + W lX ' + W 2X ' 2 + H 2 a' hz + H 22 a'^. 



(5.24) 



The boundary terms vanish by imposing Dirichlet boundary conditions % — >■ and a h 2 — > as u — > oo, 
while at u — 1 we impose the Neumann conditions 



=—^x 



W 2VW' 
i 

^,(,2 1 1= 

Vw 2Vw 



„ #22 , H2 „ 
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Performing the expansions 
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the O (6>°) contributions to the equations are satisfied by taking x^ ' = and = 0. The 0{S) 
contributions to the equations take the form 
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Imposing the boundary conditions, we have 
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The resulting profile and magnetization are plotted for a few different values of /i/r 3 / 2 in figure 6. 
There is a qualitative change in the behavior, marked by an apparent repulsion of the probe D7, as /x 
crosses rp. Indeed the value of a t u — 1, which is the point of closest approach when 5 = 0, is 



^(u=l) = 
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3200/x 8 / 3 



I -~\ + 9084 log — + 3601og ; 
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in which ipi is the trigamma function. This is plotted in figure 7 and indeed it changes sign at around 



^2/3 reflecting the fact that log changes sign there. However, as ro is the position at which 

the effects of a finite deformation of the conifold are expected to become important, the solution is not 
applicable in that region. We also note that the deformation of the worldvolume falls off more slowly 
this case than it did in the KW case discussed in section 4.1 where 5\ ~ /i~ 16 / 3 . This is a consequence 
of the 3-form flux which even in supersymmetric configurations gives rise to potentials for 7-branc 
deformation moduli and induces positive D3-charge on the D7s. Moreover, again as a consequence of 
the flux, the influence of the D3-branes falls off more slowly than it did in AdS 5 x X 5 . 

We now consider, as we did in section 3.1, two Kuperstein embeddings. The minimum radii 
reached by the branes are (assuming /xj is sufficiently large) 
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As argued earlier, the unwarped distance is more natural characterization of the effects of the addition 
of D3s and we have 
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F° r Mi ^ 2-r 3 / 2 , this is positive. Thus, where the solution can be trusted, the separation between the 
probe D7 increases, as is consistent with the interpretation that the flavor branes fall toward the D3s. 
Note that unlike the conformal AdS 5 x X 5 cases, the Klebanov-Strassler theory has a mass scale at 
which the theory becomes confined. In principle, we could compare against the motion of the branes 
against this scale. However, to reliably do so would require studying the motion of D7-branes in the 
backreaction of D3s in the full KS geometry. Although this solution is known [21, 22], the analysis is 
considerably more involved and we will not consider it here. 
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Figure 6. The behavior of a would-be Kuperstein brane probing the DKM geometry (5.6). Top. Deformation 

3/2 3/2 

of the worldvolume given by (5.31a). The dotted blue line is ^ = 2r , the dashed purple line is /i = 5r 
and the solid mustard line is /i = .9rl /2 . Bottom. The magnetization F uh 2, plotted with the same values of 
H and setting g a = 10" 6 , M = 10, N = 1000. 



Finally, we consider the energy of a Kuperstein brane. As discussed previously, the DKM solution 
only contains some information about the backreaction of the D3s. The O (<S 2 ) terms may be sub- 
dominant compared to these omitted corrections and so we will not include them in our consideration. 
Therefore, we can only reliably find the energy of the configuration to linear order in S which does 
not make use of the perturbed profile. We find however, that even to this order the change in energy 
is divergent. In particular if the worldvolume is cutoff at ttoo, 

a' 2 S 

AS = £ p ^o - £ p=0 — -log 2 Uoo. (5.35) 
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Figure 7. The minimum value of \ reached by a probe Kuperstein in the DKM solution. Negative values of 
X indicate that the brane is pulled into the center of warping. 

6 Model building with falling flavors 

In the previous section we quantified the extent to which D7-branes probing supcrsymmetric warped 
geometries are deformed by the inclusion of D3-branes. The general result was that the worldvolumes 
of such D7-branes bend toward the D3-branes. In this section we discuss what implications this might 
have on model building with such 7-branes. We will limit ourselves to a qualitative discussion, leaving 
a more quantitative treatment for future work. 

One immediate consequence is the correction to the soft terms resulting from dimensional reduction 
of the D7 worldvolumc theory 14 . For example, the 4d gaugino resulting from such a dimensional 
reduction receives a mass from non-supersymmetric fluxes that is given schematically by an integral 
over the 4-cycle [42] wrapped by the D7 

mi /2 ~ / dvoWP[7 ro "fG m „ p ]?7~ / dvol^H-Ga, (6.1) 

in which ry is the internal part of the gaugino wavefunction (which to leading order in the non- 
supersymmetric perturbation is proportional to the Killing spinor of the underlying Calabi-Yau), ft 
is the fundamental 3-form of the Calabi-Yau, and we have omitted contributions from the worldvol- 
umc flux. This term describes a non-vanishing gaugino mass resulting from a (3, 0) flux. However, 
the calculation of the pullback in (6.1) assumes that the D7 is holomorphically embedded into the 
Calabi-Yau and so holomorphic 7-matrices in the bulk are pulled-back to holomorphic 7-matrices. 
On the other hand, the deformation of the worldvolume that we found here is non-holomorphic when 
expressed in terms of the unperturbed complex structure. For example, for a Kuperstein in DKM, 
the deformed embedding can be written as z 4 = f(u) where u is a real, as opposed to holomorphic, 
function of the other z A . This implies that the pullback of a holomorphic 7-matrix to the worldvolume 
will contain both holomorphic and anti-holomorphic parts, inducing a coupling to (2, 1) components 

14 Due to the localized nature of the source of supersymmetry breaking and the RG filtering of UV effects, we anticipate 
that this discussion should be largely insensitive to the details of the UV completion of the warped geometry that is 
necessary to perform the reduction. 
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of the flux. This is similar to the effect discussed in [16] where the squashing of the metric can lead 
to contributions to the soft terms from other Hodge-types. When the deformation of the D7 is not 
taken into account, a probe Kuperstein in DKM does not receive a contribution to the gaugino mass 
as a result of the dimensional reduction [16]. The interpretation provided by [16] was the Z^m R- 
symmctry of the KT geometry (a remnant of the U (1) R-symmetry of KW under which z l — > e la z l ) 
which forbids a non- vanishing gaugino mass when M > 1. At least morally, the terms appearing in 
the D7-gcomctry are essentially pullbacks of R-symmctric terms and so cannot induce a gaugino mass. 
However, the D7-brane explicitly breaks the R-symmetry entirely and hence one should not expect 
this protection to be perfect. Although we again defer a more precise treatment to future work, the 
effect of the non-holomorphic pullback is particularly sensitive to the R-breaking embedding of the D7 
and hence we expect that effect to give a non-vanishing contribution. Furthermore, the deformation 
of the worldvolumc, as characterized by (5.32), has the same scaling with S and fi (using (5.33)) as 
the non-supersymmctric deformations of the geometry (5.6). Therefore we expect this contribution 
to be comparable to the naive parametric estimates for the gaugino mass appearing in [16]. Sim- 
ilar arguments can be made for other soft terms resulting from the dimensional reduction. Hence, 
the deformation of the worldvolume of the D7s generically introduces O (1) corrections to the soft 
Lagrangian of the low-energy effective theory 

In the context of AdS/CFT, the inclusion of D7-branes corresponds to the addition of a global 
flavor symmetry and quarks that transform as fundamentals under this flavor group and the strongly 
coupled gauge group. The spectrum of mesons and mesini in the dual theory can be determined by 
considering the open-string fluctuations of the D7. This analysis was performed in [43] for a D7 probe 
AdS 5 x S 5 and in [35] for a subset of the mesons for a Kuperstein D7 in Klebanov-Strasslcr. The 
analyses were extended to the non-supersymmetric cases in [18] and [16] respectively. However in 
these cases the deformation of the D7 was taken not into account. One would again expect that in 
each of these setups the deformation would alter the spectrum by O (1) factors and subsequently the 
visible-sector soft terms found in models of holographic gauge mediation models (though we anticipate 
that the effect would not change the parametric scaling of such terms). 

As discussed in the introduction, D7-branes are expected to appear in string theory realization 
of bulk Randall-Sundrum scenarios [3] (see, for example, [10, 44]). Although gauge multiplcts appear 
on a single stack of D7-brancs, bifundamental chiral matter appears on the intersection of magnetized 
D7-branes. One possibility (see figure 8) is to model the visible sector gauge group as U (Nf) realized 
on D7s characterized by an embedding parameter /i that intersects with another stack of D7s with a 
different embedding parameter 15 . If the intersection carries a chiral index (i.e. if the integral of T2 
over the intersection is non- vanishing) , then chiral modes will be supported on the intersection. In 
the unwarped case, the wavefunctions for the chiral modes are Gaussians peaked at different locations 
along the intersection with the spacing of the modes set by the chiral index (see e.g. [9]). Although the 
warping is difficult to take into account [45] , it is reasonable to assume that this property persists to the 
warped case, though perhaps with some modulation due to the warping. As in RS models and other 
string constructions, operators in the 4d effective field theory description depend on the overlap of 
such wavefunctions. As these wavefunctions will necessarily depend on the shape of the worldvolumcs 
that support them, the deformations that we considered here must be taken into account. However, 
unlike some of the previous effects we discussed where the correction is not anticipated to generically 
lead to qualitatively different results, in this case there may be some qualitative differences. For 

15 Note that in order for the branes to intersect, different coordinates for the embedding must be used. For Kuperstein 
embeddings for example, we might use z 4 ~ fi for one stack and z 3 ~ v for the other. 
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Figure 8. Cartoon of chiral modes supported by intersecting D7 branes in a warped geometry. D7i supports 
a scalar whose IR-localized profile is in red, while the magnetized intersection D7i and D72 supports chiral 
modes localized at various positions depending on the magnetic flux. 

example, in some supcrsymmetric string models only one generation of fermions receive masses from 
electroweak symmetry breaking effects (see, for example, [46]). Although non-perturbative effects can 
resolve this rank-one problem, it would be important to understand to what extent the breaking of 
supersymmetry, and the corresponding deformation of D7 worldvolumes, alters the story. 

Finally, we consider the effect of the inter-flavor forces induced by the breaking of supersymmetry 
that were discussed in section 3.3. In that analysis we found some evidence that the force between 
different flavor branes may be repulsive at small distances. This would imply that stacks of branes are, 
under certain circumstances, unstable in these geometries. In addition to making the construction of 
visible-sector non-Abelian gauge symmetries difficult, it could also interfere with the onset of gaugino 
condensation which is an essential ingredient in the moduli stabilization scheme of [24] and related 
constructions. We again emphasize that our analysis is in a very particular construction and we 
treated the D7 as a small perturbation which is inapplicable at small distances. Furthermore, in a 
complete treatment the D7 branes are stabilized partially by fluxes in the bulk and their effect must 
be considered as well. Finally, such an effect would be rather surprising from the dual field theory 
point of view. Hence, we refrain from making any definitive statement of the existence of such an 
instability, but merely point out that it is a possible concern worth exploring. 
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7 Concluding remarks 



In this paper we have examined the behavior of D7-branes in non-supcrsymmctric geometries. In 
particular, we focused on GKP-like warped geometries where the backreaction of D7-branes can be 
controlled. In such cases, D3-branes naturally sit at origin of the geometry and break supcrsymmctry 
in a relatively well-controlled (and possibly metastable) manner. We argued that in such a setup, D7s 
experience a small attractive force to the 3-branes. Since we impose that the D7s asymptote to their 
unperturbed configurations, this results in a small bending of the flavor branes. In the AdS 5 x X 5 
case, the bending falls off as r~f n where r min is the distance of closest approach before the D3s are 
added. In the case of D3s in the KS geometry (which we modeled as the DKM perturbation of KT), 
the effect falls off as r~f n . In either case, the influence on the D7 physics (for example soft terms) 
from this bending is comparable to the effects produced when the deformation of the worldvolume is 
neglected. 

Beyond a more quantitative analysis of the effects on model building, there arc a number of ways 
in which our analysis can be improved. For example, as discussed in section 5, the DKM solution [15] 
only captures some of the behavior of the backreaction of D3s in the Klebanov-Strasslcr geometry. In 
addition to terms that scale as r -8 that are present even in KT, there are terms that scale as r~ 3 [21] 
but vanish as we take the deformation parameter of the deformed conifold is taken to zero. Since the 
size of this deformation is set by the amount of flux in the geometry, we cannot literally take this 
limit, and hence it may be worth while to understand how the effects we compute are modified when 
we include this deformation. 

We have also examined how the effects of backreacting flavors will modify the above picture and 
found some hints that at long distances the flavor branes attract each other while at smaller distances 
they repel. To make progress in addressing the backreaction of the D7s, we considered the smeared 
approximation and furthermore considered only the backreaction of "masslcss" D7s, meaning those 
whose quarks in the dual theory are massless. Furthermore, due to the Landau pole in the dual 
theory, the geometry resulting from such backreaction becomes singular in the UV. It would be worth 
understanding how to get around both of these issues. It would also be interesting to understand how 
more general 7-branes behave. However, such an analysis would require an F-theoretical approach and 
little has been done in non-supersymmetric F-theory constructions. One of the consequences of the 
repulsion between D7s in this sort of setup is the difficulty in constructing non-Abelian gauge groups 
in the low-energy theory. Although our analysis is not sufficient to make a strong statement regarding 
the existence of this repulsion, it may be important to understand the interaction at small distances. 

Finally, our analysis was entirely in the context of a supergravity description of the branes. An 
interesting and complimentary approach would be a worldshcct analysis by considering the exchange 
of closed strings between a D3-D3-pair and a "parallel" D7-brane. Such a calculation can confirm, for 
example, the absence of a force between D3s and D7s. However, such a computation may be somewhat 
involved due to the non-BPS stack of 3-branes. 
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A Type-IIB supergravity 



The bosonic degrees of freedom of typc-IIB supergravity consist of the lOd Einstein-frame metric 
9mn = gV 2 e~^l 2 g S MN g '■> * ne axiodilaton t = Cq + ic~^ (normalized such that the IIB coupling is 
giiB = (Imr) 1 ), the 2- form potentials B2 and C2, and the 4- form potential C4. In terms of the 
gauge-invariant field strengths 

H a = dB 2 , F 1= dC Q , F 3 =dC 2 -H 3 C , G 3 = F 3 - ie^H 3 , F 5 = dC 4 - H 3 A C 2 , (A.l) 

the corresponding pseudo-action is 
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in which 2^0 = (27r) a' 4 g 2 , R is the Ricci scalar built from gup and we have defined the Hodge-* in 
D dimensions by 

(A.3) 
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where we make use of the lOd volume form 

e ...g = +v/-det (g). 

The resulting equations of motion must be supplemented by the self-duality constraint 

F 5 = *F 5 . 



(A.4) 



(A.5) 



We will couple the supergravity modes to D3-branes, D3-branes, and D7-branes 16 . The bosonic 
action for a Dp-brane is a sum of the Dirac-Born-Infeld and Chern-Simons actions 
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(A.6a) 
(A.6b) 

(A.6c) 



in which t^} = (2n) p a^ p+1 ^/ 2 g s gives the Einstein-frame brane tension, P denotes the pullback to 
the worldvolume of the brane, and f% = dai is the field strength of the U(l) gauge field supported 
by the brane. In the Chern-Simons action, the upper sign applies to Dp-branes and the lower sign to 
Dp-branes. C is the formal sum of Ramond-Ramond potentials and their magnetic duals defined by 



F 7 



dC 6 - H 3 A C 4 = -g-'c* *F 3 , F 9 = dC 8 - H 3 AC 6 = g' 2 ^ *dP\ , 



(A.7) 



in which the factors of the string coupling appear because we are working in the lOd Einstein frame 
while these forms are more naturally defined in the string frame. 



3 We will not work with explicit compactifications so that we need not consider orientifold planes. 
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B Backreacting 3-branes on Calabi-Yau cones 



In this appendix we consider the backreaction of N D3-branes and p <C N D3-D3 pairs at the tip of a 
Calabi-Yau cone. The ansatz and relevant field definitions are reviewed in section 2. For the internal 
metric we take the ansatz 

d S 2=c 2B (dr 2 +r 2 d4 5 ), (B.I) 

in which ds^ 5 = gg,f > dy e dy^' is the metric on a Sasaki-Einstein space normalized such that its Ricci 
tensor is Rg^ = Agg^,. One way to proceed in the flat space case would be to take a small -j^ limit of 
the exact supergravity solutions presented in [28]. However, our interest is in the near-brane limit in 
which the space asymptotes to AdS 5 x X 5 rather than flat space as assumed in [28]. The near-brane 
limit of the solution of [28] was performed and presented to leading order in in [15]. 

In this section we review and extend the result of [15]. We will exploit the observation of [7] 
that the supergravity equations of motion describing a perturbation from a background with $_ = 0, 
G- = 0, and constant dilaton take a block-triangular form. Moreover, this structure persists order- 
by-order in perturbation theory. Before taking the near-brane limit, the backreaction of ./V D3s at the 
tip of the cone takes the form 



1 L 4 i 9R a 4:TT 4 g B Na' 2 

*; 1 = ^ + ^r, t = -, c 2B = i, £ 4 = — ^ — ' B - 2 

2 2r 4 g s V x s 



in which Vx$ is the volume of the compact Sasaki-Einstein space and all other fields vanish. We then 
perturb this geometry by the addition of D3-D3 pairs. In doing so, we can take G± and r to remain 
trivial since the D3 is not charged under any of the relevant fields and they are trivial before the 
addition of the D3s. The equations of motion (2.7) take the form 

„ + (4* + £),_ - _J|±_ $? - (l±^±l (iA f pg Jl^, (B .3a) 

= - 5B" - \b' + - 2 - 2 6V$'_, (B.3b) 



r 



(i + $_e+) 



=B" + AB' 2 + -B', (B.3c) 



r 



o =e; + (4* + £)ev - ^^e? + P + *- 8 ^ (4,V) 2 (jv + , B . 3 d, 

in which we have defined 0+ = and have taken all of the fields to depend only on r. The Ricci 
tensor in the perturbed geometry is 

R rr = -5B" - -B', = -r 2 (B" + 4B' 2 + ^B')g erp . (B.4) 

Since we are treating £ as a small parameter, it useful to expand the fields as a power series in -j^. 
To that end, we write 

and similarly for other fields. The equations of motion are then straightforwardly solved order-by-order 
in Jr. At any given order, we first first solve (B.3a), followed by (B.3b) and (B.3c) and finally (B.3d). 
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The result is 



p 2L 4 / w\2 /2L 8 2L 12 , 



p £ 8 / p \ 2 / L 8 -L 16 \ 
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1 L 4 _Pf_^__^\ p\V £ 12 2£ 20 \ 



9+ 2 + 2r 4 + ivU^ 4 10r 12 J + VivJ V 5r 12 + 125r 20 J " (R6c) 

The integration constants have been fixed by integrating (B.3a) and (B.3d) and by requiring that the 
space asymptotes to the R 9 ' 1 . The warp factor for this solution is 

4A L 4 p (2L 4 2L 8 4L 12 \ , N 

To obtain the near-horizon limit, we follow [15] and perform the rescaling 

x» =x ft Z~ 1/4 , r = fZ~ 1/4 , L 4 = L 4 Z- 2 , N = NZ~ 2 , p = p, (B.8) 

and then consider the limit in which Z — > while holding fixed L and other quantities with tildes. 
Then, e 2A dx 2 = Z~ 1 / 2 c 2A dx\ and so the warp factor in the near-brane limit is c 2A — Z~ x / 2 e 2A . 
Taking Z — > and dropping the tildes for notational simplicity, we find 

(B. 9 a> 
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(B.9b) 



5Nr a 507V 2 r 16 ' 1 ' 

C Backreaction of smeared D7s 
C.l D7s and 3-branes in flat space 

Here we construct the supcrgravity solution corresponding to the backreaction of D7s smeared over 
the near-brane background created by D3s and D3s in flat space. The strategy will be to first review 
the backreaction of D7s in AdS 5 x S 5 and then perturb the resulting geometry by D3-branes. Our 
starting point is the warped ansatz (2.4) where g mn is a metric on R 6 ~ C 3 which we express as (3.4). 
In terms of the radial coordinate defined by (3.3), it useful to define a new radial coordinate p by 

r = a'^V. (C.l) 

Then the metric (3.4) on C 3 takes the form 

ds 2 = a'c 2p {dp 2 + (di< + A) 2 +ds 2 Cp2 }. (C.2) 

We then consider a D7-brane embedded into the geometry according to (3.9) 

z 3 = a n/2 eP% (C3) 

in which p v is a constant. The backreaction of such codimension two objects is quite difficult to 
compute and so we consider a smeared approximation in which we take large number of D7s distributed 
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in such a way that they can be treated as uniformly spread along the internal space. Here we follow 
the smearing suggested by [27] and implemented for this configuration in AdS 5 x S 5 in [31] which we 
quickly review. An SU (3) x U (1) rotation of the embedding (C.3) gives 

a iZ l = a n/2 e p » +ia , (C.4) 

where a £ [0, 2tt) while the a, are complex numbers satisfying 

aidi = 1. (C.5) 

The dj thus parametrize a unit S 5 , which we denote S 5 , and so we can write 

01 = COS I COS ! c i (^+''/2+^/2) ; (C . 6a) 

a 2 = cos | sin t^W-VI*) ? (c 6b) 

a 3 =sin|e^, (C.6c) 

in which, as before, 7, 9 € [0, n], (p, ip G [0, 2n), and fj £ [0, An). The distribution of D7s is specified by 
a density function on S 5 x [0, 2tt). The density function pDt is normalized such that 

Nf = J dvolg E da/9D7 (C.7) 
in which Nf is the total number of D7s. A uniform distribution corresponds to a constant pD7 

Pur = (C.8) 
With this configuration of magnetic charges for Co, F\ must take the form 17 

F 1 = -Q(p)(diP + A). (C.9) 

Writing the CS action for the D7s as 

r D73s C& = TD7 # S I n * A c 8 =: rv 7 g s f fi A C 8 , (CIO) 

D7 D7 ^ ^ 

we have 

dFi = -fi. (C.ll) 
We can write the embedding (C.4) as f\ = f 2 = in which 

fi =2(ip + $) + f] + fj + (p + (p + 2argT - 2a + Ann, (C.12a) 

h =|r| 2 -c 2 ^- p \ (C.i2b) 

with n € Z and 

T = cos - cos 5 cos - cos - + cos - cos 5 sin - sin - e -'^+v) + sin 1 sin l e - Hn+v+v+v) _ m.13) 

22222222 22 v/ 



7 Note that the relative sign with respect to the solutions reviewed in [30] is conventional. 
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Then 



n = / dvols5dap D7 ,5(/ 1 ) ( 5(/ 2 )d/ 1 A d/ 2 



(C.14) 



where we are again integrating over the space S 5 x [0, 2ir) and the d/i, which are 1-forms in the physical 
space C 3 , are not integrated over. Due to the isometries we can evaluate the integral at particular 
point in S 5 (for example, 7 = n is a particularly simple choice) and we find a distribution consistent 
with the ansatz for F\ with [31] 




P< Pu 



> 



Pv 



(C.15) 



We then take the limit in which p v — > 00, corresponding to the massless limit of the quarks in the 
dual theory. 

The D7s backreact on the metric and with this smearing procedure the most general metric 
consistent with the isometries that we can write is 



ds 2 = a'{e 2 f [dp 2 + (d0 + A) 2 ] + e 2 °ds 2 cp2 }. 



(C.16) 



The metric functions and other fields can be solved by an analysis of the Killing spinor equations. The 
result is [27] 



3 2 9 



ft 



-4A 



1 

-Cie 
=cie 



9sN 



f 



2P x 



2p_ 



2tt 

9sN f 
2tt 



P~ Ps 



(P- Ps 



c 2 e 



-6p 



1/3 



1 



{l-^[(P-P S ) 



c 2 e 



-6pl 



2/3 : 



lQirg s N I dpe 



-4ff(p) 



+ c 3 . 



(C.17a) 
(C.17b) 
(C.17c) 

(C.17d) 



The solution becomes singular as we take p — > —00, but the divergence can be made more mild by 
setting c 2 = 0; this can be thought of as the result of imposing IR singularity in the massive case 
and then taking the limit in which the mass vanishes [47]. The solution exhibits a Landau pole at 
p = plp = Ps + where — > and hence the coupling in the dual gauge theory diverges. We 
choose C3 = so that, as in [47], e~ AA = at the Landau pole. Finally, c\ rescales the warp factor and 
so can be set to 1 by rescaling the Minkowski directions 18 . With these choices, the solution describing 
the backreaction of smeared D7 branes in AdS 5 x S 5 is 



,2s 



- 2p 



1 - 



e 2 ' =e 2 P- 



9sN f 
2tt 

9sN f 
2tt 

1 



1/3 



9s N f 
2 



{l-^^-A)-*]} 



2/3 ' 



(C.18a) 
(C.18b) 
(C.18c) 



18 These conditions are a little arbitrary. In principle, they would be fixed after the geometry is completed in the 
UV to resolve the Landau pole. In any case, we will mostly be interested in physics at much lower scales where the 
corrections from a more precise set of boundary conditions will be exponentially small. 
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e~ 4A = - 167r 5s iV f" dxc' 49{x) . (C.18d) 

-' PLP 

Because the above configuration is supcrsymmctric, we are guaranteed that the supergravity and 
D7-branc equations of motion are satisfied. However, when supcrsymmetry is broken the Kiliing 
spinor analysis that lead to the above solution does not apply and the equations of motion must be 
explicitly considered. We begin by recasting the equations of motion (2.7). The charge distribution 
is generically not decomposable but we can express it as a sum of decomposable pieces. In particular, 
since Q is a constant we have, for our smeared approximation, 

n = 2QJ, (C.19) 

where J is the Kahler form on CP 2 . Still following [27, 31] we define a local frame {e^, e-, e— } via 
the vielbein 

e/ = //V, e^ = a'V 2 ef, e£ = a' l ^A a , e,i = ^^, (C.20) 
in which we have written the coordinates on CP 2 as dx a and have chosen a frame e— such that 

J = e 1 Ae 2 +e 3 Ae 4 . (C.21) 

Hence we can write 

n = Q!+n 2 , Q 1 = 2Qe 1 Ae 2 , VL 2 = 2Q e 3 A e 4 . (C.22) 
In this local frame, we find that the components of the Ricci tensor built from g mn are 

{-d 2 f - 4d 2 g - 4(d p g) 2 + 4d p fd p g}, (C.23a) 
{-d 2 p f - 4d p fd p g + 4e 4 ^-f > } , (C.23b) 
{-d 2 p g - 4(d p g) 2 - 2e 4 ^ + 6e 2 ^}^. (C.23c) 

Then, using the above form for Oj, the equations of motion (2.7) take the form (where again + = $^ 1 ) 

=d 2 $_ + 49 p . g a p $_ - T - ¥ ±^-d p $_d p $_, (C.24a) 

=e- 2 f{8$e-* + 4d p gd p c-*} + {Q 2 - (d p c~*) 2 } + 4Qc~ 29 , (C.24b) 

= - d 2 f - Ad 2 p g - 4(8 p g) 2 + 4d p f d p g + 2 d p G + d p ^ - \e 2 * (d p e^) 2 , (C.24c) 

(1 + B+V-) 1 

= - d 2 p f - Ad p fd p g + Ae^fs) - I e 2 *Q 2 , (C.24d) 

= - d 2 g - 4(9 p5 ) 2 - 2e 4(/ " 9) + 6e 2 ^~^ - QeV (/ " 9) , (C.24e) 

2<j> 

o =d 2 p o+ + 4d p gd p e+ - T _ ¥ -^-a p e + 5 p e + , (c.24f) 

where we have suppressed the appearance of explicit D3-brancs. It is easy to confirm that (C.18) 
satisfies these equations. 
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We now perturb the geometry by the addition of p D3-D3 pairs. The equations are difficult to 
solve, even treating -ft as a perturbation. To make progress, we will consider the case in which both 
the backreaction of D7s and the backrcaction of the D3s can be treated as comparable perturbations. 

First, largely following [31], we will argue that a D7 satisfying z 3 = will still be a solution to the 
D7 equations of motion. To do so, we consider a brane filling the p, 9, ip, and rj directions (where we 
use (3.3) and (C.l)) and take 7 and ip to be functions of p. The z 3 = embedding is 7 = ip = 0. From 
our analysis in section 3.1 we expect the Lagrangian describing the D7 fluctuations to be a function of 
(dpip) , (dpTj) , the worldvolume angles, and, in general, ip arj d 7 (as well as the worldvolume gauge 
fields, but those can again be consistently set equal to zero). To show that ip = 77 = is a solution to 
the equations of motion, it then suffices to show that the = j£ = at these points. The D7 action 
again has two contributions, the DBI and CS piece. Setting ip and 7 to be constant, the induced 
metric on the D7 is 

ds| = a' I c 2/ [dp 2 + J cos 4 | (dry + cos 6d(f) 2 ] 

+ c 29 [i cos 2 ^(d<9 2 + sin 2 6dtp 2 ) + ^ cos 2 J sin 2 |(dr? + costfd^) 2 ] J. (C.25) 

All of the components are independent of ip and have vanishing derivatives with respect to 7 at 
7 = 0. Furthermore, from the isometries the dilaton will depend only on p. Hence we have that 
^V = ^--=0at^ = 7 = 0. 

Next we consider the CS contribution to the D7 action. If z 3 = is a solution even after the D7s 
and D3s backreact, then the smearing of such branes will produce an F\ given by 

Nr 

F 1 = -^-(d4' + A). (C.26) 

The field strength of the magnetic dual is 

Nf 

F 9 - 7r L e 20+4s dvol i i3,i A dp A J A J. (C.27) 

AT, 

C 8 - -ie^+^dvoW A dp A J A A. (C.28) 
2n 

The CS action is proportional J P [Cs] and so the corresponding Lagrangian behaves as 

£ cs - Qe 2 * +45 sin#cos 4 1, (C.29) 

and hence $ , = g — Oat7 = -0 = O. From this, we conclude that 7 = ip = is a solution to 
the D7 equations of motion even once the backreaction of such branes and D3s is taken into account. 
From the isometries of the problem, we immediately have that all embeddings of the type aiz 1 = 
solve the D7 equations of motion. 

Treating the D3s and D7s as comparable perturbations, the equations of motion (B.3) can be 
simply solved by the method of undetermined coefficients. The result is 

ys N 3 y s 2ir N KF H Yl> 



Since J = \dA we can write 
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(C.30c) 



(C.30d) 



Integration constants were chosen so that when either p = or TV^- = the solution matches what 
was previously found. This leaves unfixed a constant in the 9s 2 J term which we chose by requiring 
= — 4-j^<I>^ 1 at O (4t) (since the D7 effects enter the equations for $_ and in the same way). 
The constants 4>!l p and ©+ p are introduced to impose that e~ 4A and vanish at the Landau pole. 
However, since the Landau poles occur where the perturbation treatment of the D7s breaks down, 
the constants cannot be reliably found. However, they should scale as e _4pLP and so will provide a 
negligible correction. 

C.2 Kuperstein branes on the conifold 

The backreaction of massive Kuperstein D7s in AdS 5 x T 1,1 was first considered in [48], though the 
massless case which to which we will specialize falls under the general analysis of [27]. 

For the conifold, we again define a radial coordinate p by (C.l). The conifold metric is then 



d.s 2 = a'c 2p {dp 2 + (-<ty + A) 2 +d s | 2xS2 }. 



Our fiducial Kuperstein embedding is then (4.12) 



1/4 



A SO (4) x U (1) rotation of this embedding is 



a A z 



1/4 



— I rv '3/4 fi 3p„/2+ia 

27, 



(C.31) 



(C.32) 



(C.33) 
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in which again a G [0, 27r). The a a are real numbers satisfying 

a A a A = 1, (C.34) 

and so define an S 3 which we denote S 3 . We can write 

9 7 + (p 9 7 + <p 

a\ = cos - cos , a 2 = cos - sin , 

2 2 2 2 

9 7 — (p 9 . 7 — (p . , 

a3 = sin — cos — - — , 04= sin — sin — - — , (C.35) 

in which 9 £ [0, tt], (p € [0, 27r), and 7 e [0, 47r). The smeared charge distribution 

PU7 = § (C.36) 

satisfies the property 

N f = J dvol §3 dap m - (C.37) 
The generalized embedding (C.33) corresponds to the vanishing of 

/1 =V> - - - 7 - <P + 2 arg(ri + T 2 ) - 2a + Aim, (C.38a) 
/ 2 =e 3p |ri+r 2 | 2 -e 3 "", (C.38b) 

where n £ Z . The Poincare duals of the smeared D7s again follow from 

0= f dvol § sda Pm S{fi)5(f 2 )dfi A / 2 . (C.39) 

Following steps as in the flat space case (# l = is a convenient point to evaluate the integral), we 
find [48] 

o= f P<A/, 



(C.40) 



where we have written 

F 1 = -Q(p)(^ + Aj, (C.41) 

and used dFi = — 0. 

We again focus on the massless limit, p v — > —00. Writing the perturbed metric as 

d.s 2 =a'{c 2 /[dp 2 + (id^ + „4) 2 ] +c^ds 2 s2xS2 }, (C.42) 

we find that the equations of motion are solved by (C.18) with the replacement [27] 

^ -^1. (C.43) 
2tt 4tt v ; 

The essentially identical solution is a consequence of the common conical nature and Einstein-Sasaki 
base of C 3 and the conifold [27]. Similarly, the backreaction of D3s is once again given by (C.30) with 
the above replacement. 
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